Multiple variable milk production functions with point and interval estimates of derived quantities by Madden, James Patrick
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1962
Multiple variable milk production functions with
point and interval estimates of derived quantities
James Patrick Madden
Iowa State University
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Agricultural and Resource Economics Commons, and the Agricultural Economics
Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Madden, James Patrick, "Multiple variable milk production functions with point and interval estimates of derived quantities " (1962).
Retrospective Theses and Dissertations. 2311.
https://lib.dr.iastate.edu/rtd/2311
This dissertation has been 63-2989 
microfilmed exactly as received 
MADDEN, James Patrick, 1937-
MULTIPLE VARIABLE MILK PRODUCTION 
FUNCTIONS WITH POINT AND INTERVAL 
ESTIMATES OF DERIVED QUANTITIES. 
Iowa State University of Science and Technology 
Ph.D., 1962 
Economics, agricultural 
University Microfilms, Inc., Ann Arbor, Michigan 
MULTIPLE VARIABLE MILK PRODUCTION FUNCTIONS 
WITH POINT AND INTERVAL ESTIMATES OF DERIVED QUANTITIES 
by 
James Patrick Madden 
A Dissertation Submitted to the 
Graduate Faculty in Partial Fulfillment of 
The Requirements for the Degree of 
DOCTOR OF PHILOSOPHY 
Major Subject: Agricultural Economics 
Approved: 
Iowa State University 
Of Science and Technology 
Ames, Iowa 
1962 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
ii 
TABLE OF CONTENTS 
Page 
I. INTRODUCTION 1 
II. EMPIRICAL DATA USED 7 
Experimental Designs Employed 8 
First experiment 8 
Second experiment 10 
Definition of Variables 14 
Basic input-output variables 15 
Auxiliary variables 15 
Observed Distributions of Variables 18 
Limitations Regarding the Nature and 
Scope of the Data 20 
III. THE MODEL EMPLOYED IN QUANTITATIVE ESTIMATION 
OF THE MILK PRODUCTION FUNCTION 2] 
Characteristics of the Derived Quantities 
Associated with the Quadratic Model 25 
Effects of Auxiliary Variables 
on Milk Production 30 
Terms affecting both the slope 
and the height of the surface 31 
Terms affecting only the height 
of the surface 41 
IV. MILK PRODUCTION FUNCTIONS FOR ?2 HOLSTEIN COWS 46 
V. DERIVED QUANTITIES FOR MILK PRODUCTION FUNCTION 6? 
Comparison of Derived Quantities 
for Equations 13» 14 and 15 68 
ill 
Page 
Derived Quantities for Equation 13 
with Changing Auxiliary Variables 80 
Stage of lactation 80 
Environmental temperature 108 
Cow characteristics J, K, W, and A 122 
Variation of K with J kept constant 148 
Variation of J with K kept constant 154 
Uses of Estimated Input-Output Relationships 
and Economic Optima 160 
VI. CONFIDENCE REGIONS FOR ISOCLINES, ISOQUANTS, 
AND ECONOMIC OPTIMUM QUANTITIES OF FEED INPUTS 162 
Methods of Computation 162 
Isoclines 165 
Isoquants 168 
Economic optimum levels of hay 
and grain feeding 168 
Results Obtained 169 
Isoclines 169 
Isoquants 173 
Economic optimum levels of hay 
and grain feeding 175 
Conclusions and Discussion 179 
VII. SUMMARY AND CONCLUSIONS 181 
VIII. BIBLIOGRAPHY 185 
IX. ACKNOWLEDGEMENTS 187 
iv 
Page 
X. APPENDIX A: ALTERNATIVE EQUATIONS 188 
Quarterly, Monthly, and Weekly Quadratic 
Equations with Brown Swiss Observations 
Included 188 
Linear Equation 200 
Square Root Equation 201 
Cobb-Douglas Equation 203 
Spillman Equations 206 
XI. APPENDIX B: SUPPLEMENTARY DISCUSSION OF 
VARIABLES 212 
Definition of Fat Corrected Milk (FCM) 212 
Definition of Inbreeding Percentage, K 212 
Comparison of D and J as Linear Terms 
in Equation 13 
1 
I. INTRODUCTION 
The objective of this dissertation is to present the 
main procedures and results obtained from a study involving 
the milk production function. This study was designed to 
(a) estimate the milk production function, (b) derive the 
marginal rates of substitution and marginal physical products 
of concentrates and forage for various production levels and 
rations, and (c) specify and compare economic optimum rations 
and production levels for (a) cows with different combinations 
of inherent characteristics, (b) various seasonal temperatures, 
and (c) different stages of the lactation. The next sections 
of this chapter give a preview of the body of the thesis, 
indicating both content and organization. 
The main empirical basis of this study was provided 
by two experiments conducted by the Dairy Husbandry Department 
of Iowa State University. The nutritional and physiological 
aspects of these two experiments were analyzed and presented 
in two doctoral dissertations. The first experiment was 
analyzed by Bloom (l), the second by Hotchkiss (2). Both 
experiments employed primarily the same design and purpose. 
The experimental design and over-all study represent an 
interdisciplinary approach by production economists and dairy 
nutritionists, with the aid of specialists in statistics. 
Three levels of dry lot feeding were used in each of four 
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forage-concentrate rations including 15, 35, 55» and 75 
percent of net energy intake from alfalfa hay. This design 
provided a spacing of points over the production surface. 
Details of both experiments are presented in Chapter II. 
The first experiment, conducted during 1953 and 1954» 
was a relatively small one due to the limitation of resources 
and facilities available. Thirty-six Holstein cows were 
subjected to experimental treatments. Hay and grain consump­
tion and milk production were carefully recorded for each 
experimental cow. The resulting set of data was then used in 
a study designed to predict the milk production surface and 
the derived quantities associated with it (3)• The limited 
number of observations involved in that study dictated that 
it should be primarily exploratory and methodological in 
nature. Hence, it was designed to provide basic scientific 
findings upon which later studies could be built as more 
observations became available. 
The second experiment, started in 1956, provided 
additional observations. In each of three years, a complete 
replication of 12 Holstein cows was assigned at random to 
experimental treatments. In some instances the same cow 
appeared in two or more years of the experiment. Over the 
three year period, one complete replication of 12 Brown Swiss 
cows was also observed. Most of the analysis in the present 
study involves pooled observations from the Holsteins of both 
3 
the first and second experiments. Equations including the 
Brown Swiss are presented in Appendix A. 
Procedures used in measuring the basic input-output 
data are described in Chapter II. Feed intake and milk out­
put were measured in three different ways in the present 
study for purposes of estimating the milk production function. 
Weekly observations were used most extensively. The separate 
weights of hay and grain consumed by each cow during each 
experimental week were recorded and used as independent vari­
ables in the regression models. Weekly totals of milk pro­
duction were used as the dependent variable. In a similar 
manner monthly and 3-month cumulative observations, formed as 
sums of the weekly figures, were also used in regressions. 
Milk production is a complex process involving many 
resources and other variables, of which feeds represent only 
one class. Another class includes labor, management, land, 
buildings, machinery, and other forms of capital. These are 
assumed to be fixed in the present study. Hence the study 
is strictly short-run in nature. 
Several other variables, including cow characteristics, 
environmental conditions, stage of lactation, and many others 
are also known to affect milk production. These variables 
were treated as stochastic or random disturbances in setting 
up the experiments. During the present study, however, 
methods were devised for measuring several of these variables 
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so they could be included in the production functions as 
auxiliary independent variables. They include stage of 
lactation, maturity, age, inbreeding, body weight, ability, 
and environmental temperature. These auxiliary variables 
are discussed in Chapter II. 
Numerous algebraic forms of equations, including the 
quadratic, square root, linear, Cobb-Douglas, and Spillman, 
were used in estimating the milk production function. Each 
algebraic form represents a different model. The quadratic 
form was used more extensively; the physiological and economic 
implications of this model are presented in Chapter III. The 
role of auxiliary variables in modifying the height and slope 
of the milk production surface is also discussed with refer­
ence to the quadratic model. 
Chapter IV contains the main production functions 
estimated in this study. The equation that appears to be the 
"best" estimate of the milk production function, a quadratic 
using weekly observations, is presented and discussed. 
Several other equations of the same form are also shown for 
comparison. The criteria used in selecting a '"best" equation 
are presented, along with the relevant statistical tests. 
Still other equations, including those with alternative 
algebraic forms and different types of observation, are 
presented in Appendix A. 
Derived quantities were computed for some of the 
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equations estimated in this study. Isoquants, isoclines, 
and ridge lines were predicted, along with marginal rates 
of substitution and marginal physical products. The least 
cost ration and profit maximizing level of production were 
computed for numerous combinations of unit feed costs and 
milk prices. Several auxiliary variables appear in the 
"best" milk production function. Hence it was possible to 
approximate various production conditions by setting these 
variables at different levels. §y systematically changing 
the stage-of-lactation variable it was possible to examine 
the derived quantities at different stages of the lactation. 
By a similar alteration of the temperature variable it was 
possible to see how the derived quantities change with the 
different seasons of the year. By setting the cow-character-
istic variables at interesting combinations of levels it was 
possible to synthesize a separate production function for 
each of several different hypothetical cows. The derived 
quantities were then computed for each hypothetical cow. 
Chapter V contains a complete discussion and comparison of 
the results obtained. 
Finally, the confidence regions of the various derived 
quantities are presented in Chapter VI. The area of each 
confidence region is directly correlated with (a) the standard 
errors of the regression coefficients for the terms involving 
hay and grain, and (b) the error mean square or residual 
6 
variance of milk production. Therefore, the magnitude of 
the area indicates the reliability of the production function 
for predicting input-output relationships and for specifying 
least cost rations and profit maximizing levels of output. 
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II. EMPIRICAL DATA USED 
Throughout this study, the main empirical effort 
was devoted to estimation of the milk production function, 
particularly in relation to forage and grain consumption. 
Two experiments described in the present chapter provided 
the input-output data that were used in regression models 
to estimate the production function. Other variables 
relating to milk producting include stage of lactation, 
production ability, age, maturity, degree of inbreeding, 
body weight, and environmental temperature. These are called 
auxiliary variables in the present study. The first of these, 
stage of lactation, was measured implicitly in the experi­
ments, since each weekly observation was numbered consecu­
tively. Production ability was considered in the first, 
but not in the second experiment. Hence, most of the 
auxiliary variables were not arranged to form part of the 
experimental design. However, these variables were measured 
in the present study, and were included in the regression 
models along with grain and hay to estimate the milk 
production function. All the variables used in the regres­
sion equations are defined in the later portions of this 
chapter. 
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Experimental Designs Employed 
The basic data for this study were from two experi­
ments conducted by the Dairy Husbandry Department of Iowa 
State University. Both experiments were conducted at the 
Iowa State University Dairy Farm. Very similar experimental 
designs were employed in these two experiments. Rations and 
levels of feeding were carefully selected so as to provide a 
spacing of points along each ration line over the production 
surface. 
First gxreripgflt 
The first experiment, conducted over the period from 
March, 1953» to September, 195^» included a total of J>6 
Holstein cows. Each experimental cow was started on the 
experiment according to a predetermined schedule, including a 
14-day adjustment period and a 50-day preliminary period 
prior to the 182-day experimental period. Immediately after 
calving, each cow was put on a 14-day adjustment period during 
which she was transferred from the maternity barn to her 
respective stanchion or box stall. This period also provided 
time for adjustment to a fixed ratio feed composed of 7 lbs. 
of alfalfa hay to 4 lbs. of grain. By the end of the second 
week, each cow had adjusted to a full feeding level. Both 
the ration and level of feeding were continued for the next 
50 days, called the preliminary period. This period provided 
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the basis for division of cows into high, medium and low 
producing ability. Ranges for the cows in terms of FCM* 
were as follows: hi&h = 10,500 pounds and over; medium = 
9000 to 10,500 pounds ; and low = less than 9000 pounds based 
on a full lactation period. Four hay-grain rations were fed, 
including 15, 35» 55» and 75 percent of net energy intake 
from alfalfa hay. Each of the four rations was fed at three 
levels and a cow of high, medium, and low producing ability 
was randomly assigned to each treatment. Cows were fed not 
according to milk produced, but at the three fixed levels 
established prior to the experiment. In determining the 
ration levels, it was decided to lower the daily quantity 
fed as the lactation period progressed, but with hay and grain 
still held in fixed proportions. All the experimental work 
was conducted under dry-lot conditions. Hence the cows were 
never allowed to go to pasture during the 182-day experimental 
period. 
Feed consumption and milk production were measured 
according to a carefully predetermined plan. At each milking 
the weight of milk produced by each cow was recorded to the 
nearest tenth of a pound. Milk samples for each cow were 
collected every week throughout the experiments. These 
samples were then composited for each cow and the butterfat 
*Fat corrected milk. The formula for FCM appears 
in Appendix B. 
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content of each composite sample was determined. The 
resulting butterfat content percentage was then used to 
compute the FCM (fat corrected milk) production for each 
cow for every week of the experiment. 
Corresponding to the weekly milk production data, hay 
and grain consumption were also measured for each cow. The 
daily weights of hay and grain (concentrate mixture) fed to 
each cow were recorded to the nearest tenth of a pound. Feed 
refused was weighed back in the same manner. Using these 
daily observations, weekly observations of hay and grain 
consumption were recorded. 
In the first experiment, freshening dates of the 
experimental cows extended over several months. Hence, some 
cows were observed during hot summer months, while others 
were observed primarily during the cooler seasons. Nutri­
tionists involved in the experiment later concluded that the 
extreme heat experienced by some of the cows adversely 
affected their milk production. 
In selecting cows for the first experiment there was 
no consideration of age. Hence several first-calf heifers 
were observed. 
Second experiment 
Similar experimental designs were employed in the two 
experiments. The designs were identical with regard to methods 
used in measuring feed consumption and milk production. Too, 
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the same k rations and 3 levels of feeding were used. Assign­
ment of cows to experimental rations and levels was done on 
a completely random basis. No consideration of production 
ability was included in the assignment of treatments as was 
done in the first experiment. However that difference is 
considered to be negligible with respect to the main purposes 
of this study. 
One complete replication of the 12 ration-level treat­
ments was attempted during each of the three years. One cow 
was dropped from the experiment late in the second year as a 
result of prolonged illness. Therefore, during the following 
year 2 cows were subjected to the treatment involving the sick 
cow. Thus 3 complete replications were observed, as in the 
first experiment. 
The main differences between the two experiments have 
to do with (a) restrictions placed upon starting dates, 
(b) length of preliminary and experimental periods, (c) 
content of the concentrate mixture. The first two of these 
modifications were instituted into the plan of the second 
experiment in order to avoid the extremely hot temperatures 
prevailing during part of the first experiment. 
First, only cows freshening during the fall season 
were used, as far as possible. As a general herd management 
policy a relatively small portion of the herd is bred to 
freshen in the fall season. Therefore it was necessary to 
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extend the experiment over a three-year period, with a third 
of the cows observed each year. 
Second, the length of the experimental period was 
only 12 weeks in the second experiment, compared with 26 in 
the first. This made it possible to finish the experiment 
each year during the spring or early summer, before the 
temperature became extremely hot. The rations, methods and 
timing used in the adjustment and preliminary periods were 
the same as those of the first experiment, except that the 
preliminary period extended for only 49 days instead of 5° 
days. 
The third important difference between the designs 
of the two experiments has to do with age of cows. The first 
experiment included five first-calf heifers. Much of the 
energy consumed by young heifers is used for body growth. 
For this reason, the nutritionists decided in retrospect that 
the presence of these young heifers may have confounded the 
first experiment to some extent for purposes of studying the 
nutritional aspects of milk production. Hence, first-calf 
heifers were excluded from the second experiment. 
The use of observations from first-calf heifers and 
other immature cows is not considered to be at all confounding 
for purposes of the present study, because maturity is a 
variable in the model employed. Other characteristics also 
appear in the model, as described in the following chapter. 
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Feeds used during the two experiments are compared in 
Tables 1 and 2. The two experiments were similar with respect 
to hay used. Good quality second-cutting alfalfa hay was 
used in both experiments. The concentrate mixes differed 
somewhat. The first experiment included a greater proportion 
of corn and wheat bran, a smaller proportion of oats, and no 
linseed oil meal. However, it is not expected that these 
small differences in concentrates stand to greatly confound 
the hay-grain substitution aspects of this study. 
Table 1. Comparison of feed composition of first and second 
experiments, showing average approximate analysis 
of nutrients in grain and hay during experimental 
period3 
Protein^ EEC CFd Ashe NFEf 
(Percent-dry matter basis) 
Grain 
First experiment 19*47 2.91 8.47 6.31 62.70 
Second experiment 19*14 3*35 8.03 6.45 63*16 
Hay 
1.64 7*54 First experiment 15*35 31.44 44.04 
Second experiment 16.15 1*55 35*21 7*05 39*94 
aSource: Bloom (l), Tables 45 and 46; Hotchkiss (2), 
Table 15. 
^Protein: crude protein (nitrogen x 6.25). 
cEEÎ ether extract. 
&CF: crude fiber. 
eAshi mineral content. 
**NFE: nitrogen-free extract. 
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Table 2. Grain mix used on first and second experiments0 
First*3 Second 
1953-195^ 1956-1957 1958-1959 
(Pounds per ton) 
Ground yellow corn 554 693 745 
Oats 692 416 447 
Wheat bran 277 555 596 
Soybean oil meal 277 2 77 149 
Linseed oil meal 132 0 0 
Bone meal 42 19 21 
CaCOo 0 19 21 
Salt ii 21, 
Total 2000 2000 2000 
aSource: Bloom (l), Table 4; Hotchkiss (2), Table 3. 
bThe same concentrate mix was used throughout the 
first experiment. 
Definition of Variables 
All the variables used in the various regression 
models are defined in the present section. The basic input-
output variables are the most important, since the main 
purpose of this study is to examine forage-concentrate 
substitution relationships involved in milk production. The 
auxiliary variables used in this study are also defined here, 
followed by a section containing a discussion of the mean, 
range and variance for the observed values of each variable. 
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£agj,ç input-output variables 
Different regression equations estimated in this study 
involve hay, grain and milk observations measured according 
to three different lengths of time. These variables are 
defined as follows: 
alfalfa hay, measured as pounds consumed by 
a cow during one week, 4 weeks, and 12 weeks, 
respectively. 
grain composed as explained in Table 2. It 
was measured as pounds consumed by a cow 
during one week, 4 weeks, and 12 weeks, 
respectively. 
milk, measured as pounds of k% FCM produced 
by a cow during one week, 4 weeks, and 12 
weeks, respectively. 
Observations involving 4 or 12 weeks were formed by 
summing consecutive weekly observations for the specified 
length of time. 
ÀWtftltary variables 
The auxiliary variables used in this study are defined 
as follows: 
T: stage of lactation, measured as the ordinal number of 
the week, starting with T=1 for the first experimental 
week. 
H, H', and H": 
G, G1, and G": 
M, M', and M": 
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T * ; stage of lactation, measured as the ordinal number of 
the month, starting with T'=l for the first month of the 
experiment. 
Ai index of ability (production ability), measured as total 
4# PCM produced during the preliminary period.* 
K: inbreeding, measured in percentage as defined in Appendix 
B. In general, an animal whose parents are unrelated for 
many past generations has an inbreeding percentage of 
zero. At the other extreme, a high percentage of 
inbreeding is computed for an animal whose parents are 
closely related. 
W; body weight, measured in pounds at the beginning of the 
experimental period. 
P: environmental temperature, measured weekly to correspond 
with weekly input-output data. This is computed as the 
arithmetic mean of seven daily high temperature readings, 
in degrees Fahrenheit, as recorded at the Iowa State 
University Agronomy Farm (4). High temperatures were 
considered because there is evidence that feed consump­
tion is sharply reduced during severely high tempera-
*The two experiments had different lengths of preliminary 
period: 50 days in the first, 49 days in the second. To put 
these on a comparable basis, a correction factor was devised. 
One-seventh of the milk produced during the final week of the 
preliminary period (days 43 through 49/ was added to the 49-
day total obtained in the second experiment. This gives an 
ability index based on a 50-day preliminary period. 
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tures (5)• Extremely low temperatures have less effect, 
since cows are usually kept inside during such conditions. 
D: age of cow, measured in months from time of birth. 
J: index of maturity, measured as follows: 
J = D, for D <66 
J = 66, for D > 66. 
The maturity index is truncated at 66 months, because 
Holstein population studies (6) indicate that cows mature at 
about that age. As a cow matures, her milk production level 
approaches a plateau, or a mathematical limit with respect 
to changes in age. This concept is illustrated in Figure 1, 
which is abstracted from a Holstein population study (5)« 
100 —r 
90-
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Figure 1. Change in milk output with age 
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The variables D and J were devised as alternative 
algebraic forms, only one of which would finally be used. The 
procedures and criteria to be used in selecting one of these 
age-related variables are presented in the following chapter. 
Observed Distributions of Variables 
The present section serves two purposes. First, it 
indicates the absolute magnitude of each of the observed 
variables. Second, it gives a comparison of the sets of data 
with respect to the mean, range, and variance of each vari­
able. The sets of data compared are (a) Holsteins of the 
first experiment, (b) Holsteins of the second experiment, 
and (c) Brown Swiss of the second experiment. 
Table 3- Mean observed extremes and standard deviation for 
each variable3, observed in both experiments, by 
breed 
Vari- Exper- Breed Mean Observed Standard 
ables iment extremes deviation 
High Low 
1st Holstein 242.6 472 81 57-8 
M 2nd Holstein 276.8 424 101 54.6 
2nd Brown Swiss 252.3 384 143 33-5 
1st Holstein 1107 1663 702 199.9 
M' 2nd Holstein 1110 1620 621 115.6 
2nd Brown Swiss 1009 1252 725 112.5 
a 
The variables are defined in the previous section 
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Table 3 (Continued) 
Vari- Exper-
ables iment 






1st Holstein 3314 4554 2238 550.9 
2nd Holstein 3322 4272 2271 571.0 
2nd Brown Swiss 3036 3393 2475 270.5 
1st Holstein 103.2 207 28 46.2 
G 2nd Holstein 102.9 201 28 45.7 
2nd Brown Swiss 105.1 178 38 43.9 
1st Holstein 429 804 146 191.9 
Gf 2nd Holstein 411 794 130 181.9 
2nd Brown Swiss 420 704 155 177.4 
1st Holstein 1288 2384 462 578.6 
G" 2nd Holstein 1234 2329 420 552.4 
2nd Brown Swiss 1261 2055 479 546.0 
1st Holstein 144.7 293 35 69.9 
H 2nd Holstein 146.4 320 31 71.0 
2nd Brown Swiss 150.1 283 43 72.1 
1st Holstein 594 1135 174 273.6 
H' 2nd Holstein 586 1199 162 284.2 
2nd Brown Swiss 600 1049 185 290.7 
H" 
1st Holstein 1781 3221 552 815.5 
2nd Holstein 1762 3498 526 862.3 
2nd Brown Swiss 1800 3081 542 895.9 
1st Holstein 60.4 94 21 20.2 
F 2nd Holstein 38.1 76 10 14.9 
2nd Brown Swiss 37.8 74 14 13.9 
1st Holstein 13.5 1 26 7.5 
T 2nd Holstein 6.5 1 12 3-5 
2nd Brown Swiss 6.5 1 12 3.5 
1st Holstein 62.9 144 25 29.2 
D 2nd Holstein 60.1 125 32 23.5 
2nd Brown Swiss 71.7 112 43 21.3 
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Table 3 (Continued) 
Vari­ Exper­ Breed Mean Observed Standard 
ables iment extremes deviation 
High Low 
1st Holstein 52.7 66 25 10.6 
J 2nd Holstein 51.2 66 32 14.7 
2nd Brown Swiss 54.8 66 43 19.3 
1st Holstein 9-3 22 0 4.9 
K 2nd Holstein ll.l 25 0 4.4 
2nd Brown Swiss 0 0 0 0 
1st Holstein 2492 3365 1531 461.0 
A 2nd Holstein 2474 3517 1716 419.8 
2nd Brown Swiss 2196 2810 1744 310.9 
1st Holstein 1119 1469 880 140.0 
W 2nd Holstein 1180 1594 859 132.7 
2nd Brown Swiss 1274 1436 1169 88.9 
Limitations Regarding the Nature and Scope of the Data 
The experiments involved in this study were restricted 
in magnitude because of limited funds, cows, barn space, and 
other facilities. Hence, this study has a number of limita­
tions regarding the nature and scope of the data used as an 
empirical base. 
1. Only a limited range of types and qualities of feeds were 
considered. Of the four rations used, none includes an 
extremely high or low proportion of hay. Too, only one 
quality and type of forage was used, and basically the 
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same concentrate mix was used throughout both experiments. 
The use of different types of forage and concentrates, as 
well as pasture feeding, are all beyond the scope of the 
experiments. 
2. The experimental data were obtained from a select group 
of Holstein cows, plus a few Brown Swiss. Generalization 
of the results of this study to cows of other breeds, or 
to conditions and characteristics outside the range of 
observations will probably be subject to error. 
3• The number of observations is too small to allow a high 
degree of precision in estimating the milk production 
function and related quantities. This fact is reflected 
by the large size of the confidence regions about the 
derived quantities, as presented in Chapter VI. 
4. Each cow was kept on a fixed ration throughout the 
experimental period. Therefore the experiments provide 
no information relative to the effects of changing 
ration. Economic optima and isoclines that require the 
percentage of hay to change over time should be viewed as 
a first approximation. Much more extensive experimenta­
tion must be done concerning possible "carry-over" effects 
that might occur with changing rations before these rela­
tionships can be definitely established. 
These limitations can be overcome as additional 
resources and facilities become available for more extensive 
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research. Until such research is undertaken, however, the 
results derived from the present set of data stand to make 
a significant improvement in the state of the knowledge 
available to dairy nutritionists. 
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III. THE MODEL EMPLOYED IN QUANTITATIVE ESTIMATION 
OF THE MILK PRODUCTION FUNCTION 
Previous research and common knowledge have shown 
that the several variables described in the preceding 
chapter influence milk production. An empirically derived 
milk production function attempts to predict milk output per 
cow as a function of these variables. In developing a model 
as the basis for empirical estimation of the production 
function, three main criteria were followed. First, the 
model should accurately reflect the physiological relation­
ships pertaining to feed consumption and milk production. 
Second, the model should be logically consistent with 
established principles of production economics. Third, a 
satisfactory coefficient of multiple determination (B ) should 
be obtained. 
Several models were employed in the present study. 
These include the quadratic, linear, Cobb-Douglas, Spillman, 
and square root. The quadratic form was used most extensive­
ly because it was most satisfactory with respect to all the 
model criteria mentioned above. The other models were used 
only incidentally, for purposes of comparison. In the present 
chapter the quadratic model with weekly inputs and output is 
discussed in detail. The other models are discussed briefly 
in Appendix A. For complete treatment of all models, see 
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Heady and Dillon (?)• 
Equation 2 presents the general form of the quadratic 
model employed in this study. Terms are defined briefly as 
follows:* 
H = weekly hay consumption per cow 
G = weekly grain consumption per cow 
M = weekly milk production per cow 
Z = one of the auxiliary variables (A, T, F, J, D, K, or W) 
b = regression coefficient that must be positive 
c = regression coefficient that may be positive, zero, or 
negative 
(1) M = G(b, + 2 c,Z, ) + H(b„ + E c.Zj - b0G2 - b,,H2 i i vi"i' "xu2 j vrjy 3 ^ 
- br-GH + E ckZk + E Ec Z„Z_ 
5 k=l K k r>s s=l r,s r s 
+ + k* 1+ °° 
It is necessary that certain terms have the proper 
sign if this model is to be realistic in physiological and 
economic terms. The linear grain and hay terms must receive 
positive regression coefficients, while the squared terms, G2 
^Chapter II contains a complete definition of all 
the above variables. 
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2 
and H , as well as the G-H term must all receive negative 
coefficients. Examination of the formulas for the derived 
quantities in the present chapter will illustrate the 
importance of the indicated signs. Too, all these coefficients 
must be significantly different from zero, as indicated by the 
familiar t test for individual regression coefficients (8). 
Characteristics of the derived quantities associated 
with the quadratic model are indicated in the following 
section, followed by a conceptual discussion of the manner in 
which these quantities are affected by changes in the 
auxiliary variables. 
Characteristics of the Derived Quantities 
Associated with the Quadratic Model 
Derived quantities associated with the production 
function are fully discussed elsewhere (7)• Each quantity 
is defined only briefly in the present thesis. These 
quantities include isoquants, marginal products, marginal 
rates of substitution, isoclines, economic optima, and ridge 
lines. Figure 2 is a schematic diagram showing the relation 
between some of these quantities. 
Isoquants indicate all possible combinations of hay 
and grain that result in a given level of milk production. 
The quadratic model implies curved isoquants that are convex 
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Figure 2. Schematic diagram indicating relation between 
various derived quantities 
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toward the origin. Equation 2 presents the formula for the 
general isoquant of M pounds of milk per cow per week. This 
formula is obtained by solving Equation 2 for H. 
(2) H = (Q -Vq2 + 4 b^(U + V + cQ - M)) / 2 b% 
where 
(3) Q. = b9 + E, c.Z. - b-G 
^ J J J V 
(4) U = G(bx + c^Z^) - b G2 
7 7 7 7 2 7 _ 
(5) V = E c.Z, + E E c ZZScZ + E c/Z~ 
k=l k k r>s s=l r>s r s p=l P P q=l q q 
The marginal physical products of grain and hay, 
defined as the partial derivatives of milk with respect to 
grain and hay respectively, are indicated by Equations 6 and 
7, respectively. 
(6) If = (t»i + 2i c.Z.) - 2 b^G - b^H 
(7) # = (b + E, c.Z.) - 2 b. H - bcG ON <- J J J 4 5 
It is obvious in Equations 6 and 7 that as either hay 
or grain (or both) is increased ceteris paribus, both of the 
marginal products decrease. This fact is consistent with well 
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known physiological relationships pertaining to limited 
stomach capacity and substitution between types of feeds. 
Too, this is consistent with the principle of diminishing 
returns to variable resources. The importance of proper 
signs is obvious here. 
Equation 8 indicates the equation for computing 
marginal rates of substitution, formed as the ratio of 
marginal products. 
(8) . bl + = ClZi - 2 V ' V 
dG bg E CjZj — 2 bj^H — b^G 
The slope of a product contour is defined to be minus 
one times the marginal rate of substitution of grain for hay. 
Since the isoquants are downward sloping and convex toward 
the origin, the slope obviously becomes more nearly horizontal 
as grain is substituted for hay. This fact is consistent 
with widely known ruminant physiology, and also agrees with 
the important principal of diminishing marginal rates of 
substitution. Hence the quadratic model is satisfactory with 
regard to its implied marginal quantities. 
An isocline indicates all possible combinations of 
hay and grain that result in a given marginal rate of 
substitution. By equating the marginal rate of substitution 
and the price ratio Pq. / Py (price of grain divided by price 
of hay), the isocline can specify the least-cost combinations 
29 
of hay and grain. Every different price ratio gives a 
unique isocline. As illustrated by Figure 1, the quadratic 
model has straight line isoclines, all of which converge to 
a single point denoting the absolute maximum attainable level 
of milk production, or the peak of the production surface. 
Only one of the isoclines goes through the origin. All others 
intersect either the hay or grain axis. In these cases, as 
higher levels of weekly milk production per cow are attained 
along an isocline, the least-cost ration changes continuously. 
While isoclines specify the least-cost ration for 
each level of output, they do not indicate what quantity of 
milk should be produced in order to maximize profit. However, 
economic optima specifying both the least-cost ration and the 
profit maximizing level of output can be found by solving the 
two simultaneous Equations 9 and 10, where Pq, Ph, and P^ are 
prices of grain, hay and milk, respectively. 
( 9 )  W  =  
dG Pj»j 
(10) dM PH 
BH ~ PM 
Figure 2 indicates the economic optima for each of 
several hypothetical price combinations. It should be noted 
that the least-cost ration varies with milk price, as well as 
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feed prices. Chapter V presents a complete analysis of the 
economic optima derived in the present study. 
Figure 2 also indicates the upper and lower ridge 
lines, which are two special cases of the isocline. The 
upper ridge line is the "infinity isocline," specifying 
least-cost rations for the case where / PH becomes 
infinite, or hay becomes a free resource. Likewise, the 
lower ridge line is the "zero isocline," for the case where 
grain becomes a free resource. Like all the other isoclines, 
the ridge lines of the quadratic model are linear, and they 
converge at the peak of the production surface. 
Effects of Auxiliary Variables on Milk Production 
In the quadratic model indicated by Equation 1, the 
auxiliary variables appear in terms which may be categorized 
into two classes with respect to their effects on the milk 
production surface: (a) those that affect both the height 
and the slope of the surface with respect to a grain-hay 
plane, and (b) those that affect only the height of the 
surface above the origin. 
The first class includes all the interaction terms 
involving grain or hay. The second class includes all other 
terms—those not featuring either grain or hay. 
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ÏÊZM frgtrh tM slope âûil lbs. height a£ surface 
In developing the model for this study, it was 
recognized that the marginal products of hay and grain are 
markedly influenced by many factors in addition to the 
quantities of hay and grain fed. Hence, it was desirable 
that the model be flexible enough to account for these 
effects. For the purpose of achieving this flexibility, the 
model was designed to allow the inclusion of two-way inter­
action terms involving a feed variable and an auxiliary 
variable. 
Certain restrictions were imposed upon the model 
regarding these interaction terms. These restrictions 
represent an effort to (a) avoid the multicollinearity that 
would result if two or more highly correlated terms were 
included in the same regression equation and (b) keep the 
model consistent with established economic and physiological 
principles. 
First, it was decided that a given auxiliary variable 
could appear with either hay or grain, but not with both feed 
variables in the same equation. Through familiarity with the 
nature of the data, particularly with respect to the fixed 
rations fed, it was decided that the hay interaction term 
involving a particular auxiliary variable would be highly 
correlated with the corresponding grain interaction term. 
This is the main reason for the first restriction. 
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One other restriction was imposed regarding feed 
interaction terms. Two alternative algebraic forms, D and J, 
were devised for measuring the age of cows. These are defined 
in the previous chapter as age and maturity, respectively. 
In developing these variables as part of the model, it was 
intended that either D or J would be used throughout the 
regression equation, including possible feed interaction 
terms. The nature of these two variables virtually insures 
that they will be very highly correlated. 
At the inception of this part of the model, it was 
decided that the choice between alternative terms would be 
effected through the use of a regression-comparison tech­
nique. This procedure, as described below, involves the 
evaluation of a pair of equations with respect to two, or 
possibly three criteria. 
The two equations should be relatively complete, 
containing all or most of the important terms, such as the 
feed terms G, H, G^, H^, and GH, as well as any other terms 
that are known to be important. Too, the equations should 
be identical, except that each equation should contain one 
of the two trial terms being compared. Each pair of trial 
terms represents a comparison, such as grain versus hay 
interaction terms with one particular auxiliary variable, or 
age versus maturity, with respect to feed interaction terms 
or other types of terms. 
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The resulting two equations are evaluated with 
respect to the following criteria: (a) The regression coef­
ficients of the trial terms must bear the correct sign, as 
determined by a priori knowledge of dairy nutrition. Also, 
these terms must be significantly different from zero, based 
on a statistical t test for individual regression coeffi­
cients (8). (b) Similarly, the signs of the other regression 
coefficients must be both realistic and significant. Particu­
lar emphasis should be placed on the coefficients of the feed 
terms, G, H, G2, H2, and GH, because of the vital importance 
of these terms with respect to the realism of the model. 
In devising this procedure, it was anticipated that 
in most cases the first two criteria would provide a clear-
cut decision as to which of the trial terms is superior, or 
whether both should be excluded from the production function. 
However, in case a "tie" occurred in which both equations 
were more or less identical (and both acceptable) with 
respect to the first two criteria, a third was provided. 
n 
(c) This criterion is a comparison of the H , or coefficient 
of multiple determination obtained in each of the two equa­
tions. Obviously, under these conditions the equation with 
n 
the better fit (higher E ) would indicate the better of the 
two terms. 
As mentioned previously, each auxiliary variable may 
appear in a regression equation with either a grain or a hay 
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interaction term, or it may not appear in either of the feed 
interaction terms. Let Z^ represent one of the auxiliary 
variables featured in a grain interaction term, and let Z2 
represent one of the auxiliary variables appearing in a hay 
interaction term. Then GZ^ and HZ2 represent general grain 
and hay interaction terms, respectively. The two sets 
represented by Z^ and Z2 are, of course, mutually exclusive. 
Tables 4 and 5 illustrate the manner in which the derived 
quantities are affected by an increase in the magnitude of 
Z^ or Z%, depending on the sign of the regression coefficient 
computed for GZ-j, and GZ2. 
Briefly tracing the effects of a positive coefficient 
for GZ^, the following results appear as the size of Z^ is 
raised to a higher level, other things remaining constant. 
1. With the quantity of grain kept constant, a smaller 
quantity of hay is necessary for achieving a given level 
of milk output. 
2. For a given combination of hay and grain quantities, the 
marginal product of grain is larger, while the marginal 
product of hay remains unchanged. Hence, the marginal 
rate of substitution is increased. 
3. The quantity of milk resulting from a given quantity of 
hay and grain is increased. 
4. For a given set of hay, grain, and milk prices, the 
least cost ration includes a greater percentage of grain, 
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Table 4. Effects of a grain-auxiliary variable interaction 
term with respect to quantities related to the 
milk production function 
Quantity Change3, in magnitude 
of derived quantity, 
if sign of GZ]_ inter-
action term is 
positive negative 
larger smaller 
(no effect) (no effect) 
larger smaller 
Isoquant—amount of hay necessary 
for achieving a given level of 
milk output, with grain kept 
constant smaller larger 
For a given quantity of hay and 
grain, 
Marginal product of grain 
Marginal product of hay 
Quantity of milk produced 
For a given set of feed and milk 
prices, 
Isocline—percentage of grain 
in the least-cost ration for 
reaching a given level of 
milk production larger smaller 
Economic optimum profit 
maximizing level of milk 
production larger smaller 
Maximum level of milk output 
attainable (at the peak of the 
production surface) larger smaller 
^This indicates whether the magnitude of the derived 
quantity becomes smaller or larger as the level of Z^, an 
arbitrary auxiliary variable, increases, all other things 
remaining constant. 
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Table 5» Effects of a hay-auxiliary variable interaction 
term with respect to quantities related to the 
milk production function 
Quantity Change3 in magnitude 
of derived quantity, 
if sign of HZg inter-
action term is: 
positive negative 
Isoquant—amount of hay necessary 
for achieving a given level of 
milk output, with grain kept 
constant smaller larger 
For a given quantity of hay and 
grain, 
Marginal product of grain 
Marginal product of hay 
Quantity of milk produced 
For a given set of feed and milk 
prices, 
Isocline—percentage of grain 
in the least-cost ration for 
reaching a given level of 
milk production smaller larger 
Economic optimum—profit 
maximizing level of milk 
output larger smaller 
(no effect) (no effect) 
larger smaller 
larger smaller 
^This indicates whether the magnitude of the derived 
quantity becomes smaller or larger as the level of Z^, an 
arbitrary auxiliary variable, increases, all other things 
remaining constant. 
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as the isocline is shifted toward the grain axis. Too, 
the economic optimum level of milk output is increased. 
5» The peak of the production surface is higher, denoting 
that the maximum attainable level of milk output has 
increased. 
These effects are readily verified by referring to the formula 
defining each derived quantity. 
Within the restrictions discussed above, several feed 
interaction terms with auxiliary variables appear in the 
model. The sign of each term should reflect the manner in 
which the particular auxiliary variable will influence milk 
production and the derived quantities associated with the 
production function, with all other variables and coeffi­
cients kept constant. For some of the feed interaction terras 
employed in this study, prior knowledge of dairy nutrition 
has provided an indication of which signs should reasonably 
be expected. In the case of other terms, however, previous 
experiments have not provided enough information as yet to 
allow development of a firm hypothesis concerning the 
appropriate sign. 
Stage of lactation, T, is the best known of the 
auxiliary variables. It is a well known physiological fact 
that as the lactation progresses, the marginal product of 
feed declines. Hence, a feed interaction term involving T 
should have a negative coefficient. 
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Effects of changes in environmental temperature, 
F, are somewhat less well known. However, experimental 
data (5) combined with established principles of dairy 
physiology and nutrition clearly indicate certain relation­
ships regarding temperature. It is expected that over a 
long range of temperatures up to about 80° F., there is a 
slight increase in milk production with respect to increases 
in temperature. This increase may be due to a reduction in 
energy required for body maintenance or other physiological 
reasons. When temperatures become extremely hot, feed 
consumption and milk production are sharply reduced. Only 
a few observations occurred during temperatures in excess 
of 80° F. Hence, a slight increase in marginal product with 
rises in temperature would be expected. This implies that 
a feed interaction term involving temperature should probably 
have a positive coefficient. 
In the above paragraphs, the proper signs for T and 
F feed interaction terms were specified using a "partial" 
analysis. This type of analysis involves conceptually 
varying one variable while holding all others constant. 
Hence, this procedure provides an orderly framework within 
which basic physiological concepts may be applied. Partial 
analysis provides reasonable results when dealing with 
variables that are independent in the experimental data used 
in this study. Hence, the signs predicted above for feed 
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interaction terms involving these two variables are consistent 
with known physiological relationships, even when both terms 
are to be included in the same equation. Furthermore, if 
additional feed interaction terms involving other auxiliary 
variables independent of T and F were included in an equation, 
then the signs indicated above would still hold. However, 
when two or more closely related terms appear in the same 
equation, it is impossible to specify the reasonable sign for 
each on the basis of such partial analysis. 
All the cow characteristics, weight, ability, maturity, 
and inbreeding, are known to be interrelated. A cow's weight 
and ability coefficient depend on her age and percent of 
inbreeding. A mature cow is heavier and has higher ability 
than a young heifer, other things being equal. Similarly, 
a highly inbred heifer will usually have a lower body weight 
and lower ability index than a non-inbred heifer, under the 
same conditions (9)• In order to determine the exact nature 
and magnitude of the interrelationship among these cow 
characteristics two regressions were computed using the 
experimental data. The following equations resulted. 
(11) A = 2338 + 18 J - 16 K - 0.55 W 
(12) W = 890 - 0.04 A + 7.1 J - 4.0 K 
The relevant statistics for these two equations are 
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given in Table 6. The t values are for the regression 
coefficients in their respective order within each equation. 
o 
The H obtained in each equation is also given. All the 
regression coefficients are acceptable at the 1 percent 
probability level. This fact illustrates that the cow 
characteristic variables are closely interrelated. Hence, 
when two or more of these variables appear in feed interaction 
terms of a given equation, it is not possible to make any 
precise statement with respect to realistic signs of the 
coefficients based on partial analysis. However, even in the 
absence of a priori ideas concerning their respective signs, 
feed interaction terms involving all the cow characteristics* 
are included in the model. Hence, the criterion involving 
the signs of these terms is overlooked, even though the other 
criteria regarding choice of terms are still in effect. 
Table 6. Values of t and R2 for Equations 11 and 12 
Equation R2 absolute value of ta 
b0 bl b2 b3 
11 97.# 23.5 16.0 7.5 5.6 
12 99.1# 42.7 5-6 27.2 7.0 
aThe t values are specified in order of the b's appear­
ing in each equation. All the coefficients are acceptable at 
the .01 level of probability 
*It is understood in this discussion that either age or 
maturity, but not both, will be used in the equations. 
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Terms affecting only the height qL the surface 
In the preceding section it was indicated that a 
model should have sufficient flexibility to allow auxiliary 
variables to influence both the slope and height of the 
surface. The present section deals with auxiliary variable 
terms which influence the height, and not the slope of the 
surface. These terms appear in the model (Equation l) as 
additive constants with respect to changes in levels of hay 
and grain consumption. For this reason, these additive terms 
do not enter the formulas for the marginal products, marginal 
rates of substitution, or isoclines. 
The additive terms do, however, enter into the iso-
quant formula by modifying the term defined as V in Equation 
5. It is clear that V and H are inversely related; anything 
that increases V reduces H. A reduction in H denotes that 
less hay is required in combination with a constant amount of 
grain in order to result in a given level of milk output. At 
the same time, anything that increases V raises the milk 
production surface, denoting that a greater amount of milk 
will result from feeding a given quantity of hay and grain. 
As shown in Equation 5» V is formed as a linear 
combination of terms involving the auxiliary variables, with 
regression coefficients as multipliers. In all there are 
41 terms: 7 linear, 7 squared, 7 square root, and 21 two-
way interaction terms. 
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Obviously, it was not intended that all these 41 
terms should ever be used as independent variables in a 
given equation. It was intended that different combinations 
of these terms would be tried and compared with respect to 
the criteria presented earlier. Different combinations of a 
linear term and either a squared or square root term can be 
used to reflect the effects of different auxiliary variables 
with respect to milk output. Figure 3 is a schematic diagram 
showing some of the different general forms of curves that 
can result from the use of certain combinations of the three 
types of term. 
Figure 3. Schematic diagram illustrating the nature of curves 
that can result from various combinations of terms. 
43 
The general form of equation representing each of the 
five curves in Figure 3 are as follows: 
I: Y = bQ + b]Z - b2 /Z 
II: Y = bQ + b1Z 
III: Y = bg + b^Z - bxZ2 
IV: Y = bQ - b]Z + b2Z2 
V: Y = bQ - bxZ + b2 /Z 
Prior knowledge indicates that milk output is influ­
enced by body weight in a manner best reflected by Curve I. 
Hence, the coefficient of a linear weight term in a milk 
production function is expected to be positive, while a 
square root term should have a negative coefficient. 
Holstein population studies (6) indicate that a cow's 
annual milk output increases fairly steadily year after year 
from her first lactation until she matures, at about 66 
months. Thus it is expected that over this age interval 
there is a linear relation between age and milk output, such 
as that illustrated by Curve II. The effect of maturity 
index with respect to milk output is considered to have this 
linear nature because age is truncated at 66 months in forming 
the maturity variable. 
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At maturity (age 66 months) milk output reaches a 
maximum with respect to changes in age. Hence, the age-milk 
curve appears to have a kink at this point, followed by a 
long plateau denoting constant annual milk output for 
several years. Curve III is the general type involved here. 
Therefore, when age, D, is used as an independent variable in 
a milk production equation, the appropriate signs and terms 
include a positive coefficient for the linear term and a 
negative coefficient for the squared term. 
Experimental results (5) indicate that the curve 
relating temperature to milk output is relatively more 
horizontal than Curve III for a long range of temperatures 
up to about 80° F. Then there is a distinct downward curva­
ture for very high temperatures. Thus a positive coefficient 
for the linear term and a negative coefficient for the squared 
temperature term should explain effect of temperature on milk 
output. 
Prior knowledge of dairy nutrition indicates decreasing 
returns to ability with respect to milk output. Curve III, 
represented by linear and squared terms with positive and 
negative signs, respectively, illustrates this type of rela­
tionship. 
As the lactation progresses, weekly milk output 
declines. The weekly decline is greater during early stages 
than in later stages of the lactation. Hence Curve IV reflects 
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the manner in which stage of lactation is expected to affect 
weekly milk output. 
A 5%' increase in inbreeding is known to depress milk 
output more going from 0 to 5% than a 5# increase going from 
20% to 25# (9,10). This relationship is best illustrated by 
Curve V. Hence, one would expect a negative coefficient 
for the linear inbreeding term and a positive coefficient 
for the square root term. 
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IV. MILK PRODUCTION FUNCTIONS FOR ?2 HOLSTEIN COWS 
Several different algebraic forms were incorporated 
into regression models for estimating the milk production 
function. In general the quadratic form was used most 
extensively. Other forms used include Cobb-Douglas, Spill-
man, linear, and square root. Equations estimated using 
these forms appear in Appendix A, along with a discussion of 
the reasons why these forms were judged to be inferior to the 
quadratic for purposes of estimating the milk production 
function. 
More than 450 regression equations were computed in 
this study. Each equation was evaluated according to the 
following three selection criteria: 
1. The sign of each coefficient in the equation must be 
consistent with â priori knowledge, as indicated in the 
preceding chapter, 
2. Each coefficient must be significantly different from 
zero at the .15 level of probability, according to the 
familiar t test for individual regression coefficients 
( 8 ) ,  
3. The coefficient of multiple determination (R^) must be 
high relative to other equations of the same form 
computed from the same data. 
Only a few of the equations computed in this study 
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are presented here. The equation that appeared to be most 
satisfactory with respect to the above criteria is Equation 
13» Notations are fully defined and discussed in Chapter II. 
Briefly, the notations are defined as follows; 
M: milk, measured as pounds produced by one cow in one week. 
G: grain, measured as pounds consumed by one cow in one week. 
H: hay, measured as pounds consumed by one cow in one week. 
T: stage of lactation, measured as the ordinal number of the 
experimental week. 
A: ability, measured as pounds of milk produced during a 
50-day preliminary period early in the lactation. 
W: weight of cow, measured in pounds at the beginning of the 
experimental period. 
J: maturity index, measured as age in months, truncated at 
66 months. 
K: inbreeding, measured as percentage, to indicate the 
extent to which the cow's parents were related. 
F: temperature, measured as the arithmetic mean of seven 
daily high temperature readings for an experimental week. 
(13) M = 248.42 + 1.8358 G + 1.4117 H = 0.005047 G2 
- 0.001088 H2 - 0.003521 GH - 0.005567 GT 
+ 0.0006924 WG - 0.0001485 HA + 0.07493 A 
+ 1.006 F + 3.1619 J - 5.4269 K + 0.3694 W 
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+ 0.0909 T2 - 0.003981 F2 + 15.3569 /K 
- 27.0461 /W - 0.001637 AT - 0.0002345 AF 
+ 0.0006492 WF - 0.001867 WJ + 0.001643 KA 
+ 0.03865 KT - 0.02967 KF - 0.03864 JT 
- 0.01454 JF 
The sign of each term in Equation 13 is consistent 
with well known principles of dairy nutrition, physiology, 
and production economics, as discussed in the previous chapter. 
A t statistic was computed for each regression coefficient 
and for the constant term. The 27 t values, for variables 
and the constant, are included in Table 7» along with the 
regression coefficients. Of these coefficients, 21 are 
acceptable at the .01 level of probability; 19 are signifi­
cant even at the .001 level of probability. Five more are 
acceptable at the .05 level. The one remaining coefficient 
has a t value of 1.8, which is significantly different from 
zero at the 10 percent level of probability. As shown in 
Table 7» Equation 13 explains 83.6 percent of the variance 
in milk production for pooled observations from the 72* 
Holstein cows involved in the two experiments. 
*These were not actually 72 different cows, since some 
cows appeared in 2 or more years of the second experiment. 
p 
Table 7« Regression coefficients (b's), t values and R for equations using 1368 
weekly observations from 72 Holstein cows 
Independent Equation 13 Equation 14 Equation 15 
variable b |t| b |t| b |t| 
Constant 248.4190 3.9** -I83.35371 4.6** -I4O.74272 3.7** 
G 1.8358244 5.3** 2.1851466 6.3** 2.1598172 6.2** 
H_ 1.4116620 6.3** 1.1200211 4.9** 0.88438179 3.8** 
Go -0.00504663 5.3** -O.OO43312795 4.5** -O.OO3823O8IO 4.1** 
H2 -0.0010875079 2.9** -O.OOO736O3768 1.9 -0.00064850267 1.6 
GH -0.0035212055 3.1** -O.OO236OO866 2.1* -O.OO23317896 2.1* 
GJ 0.0026180780 1.8 
GT -O.OO55673866 2.5* -0.0073005645 3.2** -O.OO59I8686I 2.5* 
GW 0.00069243974 4.9** *•»«• — — — 
HA -0.00014851692 6.2** -O.OOOIO751I36 4.2** -0.000082084893 3.4** 
HP — — — 
- - -
0.0022842760 4.4** 
A 0.074929262 11.3** 0.069901717 10.1** 0.094594643 16.9** 
F 1.0063356 2.1* 1.2170620 3.8** 0.48906247 1.7 
J 3.1619287 4.8** 0.39307426 1.6 — w* 
K -5.4269443 6.6** -5.2480242 6.3** «****»» 
W 0.36938690 7.2** — — — - - - —  — —  
•K 15.356947 4.3** 19.781507 5.8** mm mm mm • 
Ar -27.046128 10.0** mm mm mm mm mm mm mm mm am 
•Acceptable at the 5 percent level of probability. 
••Acceptable at the 1 percent level of probability. 
Table 7 (Continued) 
Independent Equation 13 Equation 14 Equation 15 
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B2 83.6# 82.2% 80.8# 
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Other equations fitted include 14 and 15* Regression 
2 
coefficients, t values and R for each of these equations 
are presented in Table 7 for comparative purposes. These 
two equations were derived as intermediate steps in obtaining 
Equation 13. First Equation 15, then Equation 14, was thought 
to be the most satisfactory equation and each was subsequently 
dropped as additional variables were included in the regres­
sions. 
Using only A, T, and F as auxiliary variables, several 
equations of the form illustrated in Equation 1 were fitted. 
Each equation was evaluated with respect to the three 
selection criteria presented at the beginning of the present 
chapter. The equation that was finally considered to be 
most satisfactory using only A, T and F as auxiliary variables 
is Equation 15. 
Then another set of regressions was run using Equation 
15 as the basic equation, but with J, D, and K as additional 
auxiliary variables. Linear and square root terms were 
included for each of these new variables. Terms denoting 
interaction between K and each of the other variables were 
formed. A similar set of interaction terms involving J was 
also formed. No interaction terms involving D were included 
in this set of regressions; it was decided that D-interaction 
terms would be added if D proved superior to J in a trial 
equation. Comparison of two trial equations, each containing 
Table 8. Regression coefficients (b's), t values and. R2 for intermediate 
equations using 1368 weekly observations from 72 Holstein cows 
Independent Equation 16 Equation 17 Equation 18 
variable b |t| b |t| b |t| 
Constant -156.20149 2.7* 253.13930 3.9** 245.16500 3.6** 
G 1.8409142 5.0** 1.8636875 5.2** l.6576528 4.6** 
H 1.1757434 5.2** 1.4074092 6.3** 1.0519530 4.5** 
G2 -0.0046030319 4.6** -0.0050949644 5.3** -0.0046274704 4.6** 
H2 -0.00069812973 1.8 -0.0010890762 2.9** -0.0012271582 2.8** 
GH -0.0026472778 2.3* -0.0035339190 3.1** -0.0036609307 2.9** 
GJ -0.0015982969 0.8 0.00068551340 0.3 ee e* 
GT -0.0063581621 2.8** -0.0056574657 2.5* -0.0041787450 1.9 
GW 0.00060456009 3.0** 0.00064698335 3.3** 0.00078011859 3.2** 
HA -O.OOOII661744 4.4** -0.00014598515 5.8** • • • 
HW — —  —  
— 
0.000037236090 0.2 
A 0.070836229 10.2** 0.074493535 11.1** 0.064846103 10.0** 
F 0.69421366 1.4 1.0006262 2.1* 0.090597970 1.9 
J 2.5526192 2.6* 3.0289879 4.0** 3.2657588 4.6** 
K -5.5212727 6.5** -5.4204685 6.6** 4.4873872 5.5** 
W -0.084368130 1.0 0.37083660 7.2** 0.33091060 5.1** 
•K 17.772667 4.7** 15.569203 4.3** 16.245817 4.5** 
•w 27.156264 9.9** 24.558334 9.0** 
•Acceptable at the 5 percent level of probability. 
**Acceptable at the 1 percent level of probability. 
Table 8 (Continued.) 
Independent Equation 16 Equation 17 Equation 18 














































































H2 82.4# 83.6% 83-1# 
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one of these terms in linear form, clearly indicated that J 
was superior to D with respect to the three selection 
criteria.* Many other individual terms and combinations of 
terms were compared in the same manner. The results of all 
these comparisons are not presented here due to their 
excessive number and complexity. Only Equation 14 is presented 
to indicate which combination of terms was finally selected as 
the most satisfactory equation using A, T, F, J, and K as 
auxiliary variables. 
Using Equation 14 as the basic equation, another set 
of regressions was computed. This time body weight (W) was 
included as an additional auxiliary variable. Linear, squared, 
and square root weight terms were included in this set of 
regressions, along with interaction terms involving G, H, F, 
and J. Again the three selection criteria were employed in 
evaluating different equations. Regression coefficients, t 
o 
values, and R computed for three trial Equations, 16, 17 
and 18 are presented in Table 8. 
Equations 16 and 17 provide a comparison of the two 
terms, Vw and W2. Both equations are acceptable regarding 
signs and significance of all coefficients except GJ. At 
the .15 level of probability, the sign of GJ is not signifi­
cantly different from zero in either equation (hence, this 
*The details of this comparison are presented in 
Appendix B. 
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term was excluded from subsequent equations). Equation 17 
has a higher R2 than Equation 16, indicating that /w is 
O 
superior to W with respect to fit, or explanation of the 
variance in milk production. 
Equation 18 is different from Equation 17 in two 
respects: (a) the GJ term is deleted because it was not 
significantly different from zero in previous equations and 
(b) the HW term is substituted for HA, so that these two 
highly correlated terms may be compared. Comparing the t 
values for these two terms in their respective equations, it 
is obvious that HA should be included in the milk production 
function instead of HW. 
Exchanging HA for HW in Equation 18, Equation 13 is 
formed. According to the three selection criteria given 
earlier, Equation 13 is the most satisfactory equation using 
all the auxiliary variables in a quadratic model to predict 
the milk production function. 
Figures 4, 5» and 6 show milk production surfaces 
predicted from Equations 13» 14, and 15, respectively. In 
each case, all the auxiliary variables are set at their mean 
levels; thus in terms of grain and hay, the three production 
functions are 19, 20, and 21, respectively. 
(19) M = -25.9304 + 2.5563 G + 1.0465 H - 0.005047 G2 
- 0.001088 H2 - 0.003521 GH 
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(20) M = 0.3145 + 2.2462 G + 0.8557 H - 0.004331 G2 
- 0.0007360 H2 - 0.002360 GH 
(21) M = 13.959 + 2.0947 G - 0.8013 H - 0.003823 G2 
- 0.0006485 H2 - 0.002332 GH 
These resulting equations have widely different sets of 
coefficients. Thus the surfaces differ with respect to both 
height and slope. 
Data for the isoquants in Figures 4, 5» and 6 are 
presented in Tables 9, 10, and 11, respectively. Tables 12, 
13, and 14 contain data for the surfaces presented in these 
three graphs. In each table the marginal physical products 
and marginal rate of substitution are indicated for every 
point listed. 
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Figure 4. Milk production surface and isoquants estimated 
from Equation 13 with all auxiliary variables 
set at their means 
Figure 5* Milk production surface and isoquants estimated 
from Equation 14 with all auxiliary variables 
set at their means 
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Figure 6. Milk production surface and isoquants estimated 
from Equation 15 with all auxiliary variables 
set at their means 
Table 9- Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13» with all auxiliary variables set at their mean 
values 
Level Pounds of hay re- Derived quantities3, along indicated milk isoquants 
of quired to maintain 100 200 300 
grain milk output of M  M  £ H  M M & i  M  M  M  
Tibs) 100 200 300 dG dH dG dG dH dG dG ÔH dG 
10 114 288 2.06 .76 2.69 1.44 • 39 3.74 
20 87 252 2.05 • 79 2.60 1.47 .43 3.43 
30 62 219 2.04 .81 2.52 1.48 .46 3.19 
40 37 188 2.02 .83 2.45 1.49 .50 3.00 
50 13 159 2.01 .84 2.38 1.49 .53 2.84 
60 0 131 2.00 .85 2.35 1.49 .55 2.71 
70 104 1.48 .57 2.59 
80 79 1.47 .59 2.48 
90 55 1.45 .61 2.38 
100 31 1.44 .63 2.29 
110 9 1.41 .64 2.21 
120 
130 244 .39 .06 6.64 
a 
Derived quantities are defined as follows: 
&M = marginal product of grains pounds of milk resulting from feeding one 
dG additional pound of grain, hay being kept constant. 
dM = marginal product of hay: pounds of milk resulting from feeding one 
dH additional pound of hay, grain being kept constant. 
dH _ marginal rate of substitution: pounds of hay required to replace one 
dG additional pound of grain. This quantity is always negative in the 
relevant range, because of the negative slope of the isoquant. Hence, 
the absolute value of the marginal rate of substitution is given. 
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140 198 .45 .12 3.63 
150 166 .46 .16 2.91 
160 139 .45 .18 2.50 
170 115 .43 .20 2.21 
180 95 .41 .21 1.96 
190 76 .37 .21 1.75 
200 60 .33 .21 1.54 
210 45 .28 .21 1.33 
220 33 .22 .20 1.10 
230 23 .15 .19 .82 
240 17 .07 .16 .45 
Table 10. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 14, with all auxiliary variables set at their mean 
values 
Level Pounds of hay re- Derived quantities® along indicated milk isoquants 
of quired to maintain 100 222 322 
grain milk output of M M M dM M flLfi dM dM d£L 
(lbs) 100 200 300 dG dH dG dG dH dG dG dH dG 
10 103 286 1.92 .68 2.82 1.49 .41 3.61 
20 75 251 1.90 .70 2.72 1.48 .44 3.37 
30 48 218 1.87 • 71 2.62 1.47 .46 3.17 
40 23 187 I.85 .73 2.54 1.46 .49 3.00 
50 158 1.44 • 50 2.85 
60 130 1.42 .52 2.72 
70 104 1.40 .54 2.59 
80 78 386 1.37 • 55 2.48 .64 .10 6.49 
90 54 333 1.34 .56 2.38 .68 .15 4.45 
100 31 293 1.31 • 57 2.28 .69 .19 3*66 
110 8 259 1.27 .58 2.18 .68 .21 3.18 
120 229 .67 .24 2.83 
130 202 .64 .25 2.56 
140 178 .61 .26 2.33 
150 155 .58 .27 2.13 
160 135 .54 .28 1.94 
170 117 • 50 .28 1.76 
180 100 .45 .28 
1:8 190 85 .40 .28 
200 72 .34 .28 1.24 
210 60 .29 .27 1.05 
220 51 .22 .26 .84 
230 43 .15 .25 .61 
240 39 .08 .23 • 33 
aSee footnote a, page 60. 
Table 11. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 15, with all auxiliary variables set at their means 
Level Pounds of hay re- Derived quantities3 along indicated milk isoquants 
of quired to maintain 1,00 222 322 
grain milk output of M àH àH M M M M 
(lbs) 100 200 300 dG ÔH dG dG dH dG dG dH dG 
10 91 2 76 1.81 • 66 2.74 1.37 .42 3.27 
20 64 244 1.79 .67 2.67 1.37 .44 3.13 
30 38 214 1.78 .68 2.60 1.37 .45 3-01 
40 12 184 1.76 .69 2.54 1.36 .47 2.90 
50 156 1.35 .48 2.79 
60 128 1.34 • 50 2.70 
70 102 1.32 .51 2.61 
80 76 1.31 .52 2.53 
90 51 357 1.29 • 53 2.45 
100 27 316 1.27 • 53 2.38 















57 .13 4.47 
59 .16 3-75 
60 .18 3.32 
60 .20 3.01 
59 .21 2.76 
57 .22 2.56 
55 .23 2.38 
53 .24 2.22 
50 .24 2.07 
47 .25 1.93 
44 .25 1.79 
40 .25 1.65 
36 .24 1.50 
32 .24 1.35 
27 .23 1.19 
22 .22 1.01 
17 .21 .80 
a See footnote a, page 60, 
Table 12. Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding, estimated from Equation 
13 with all auxiliary variables set at their means 
Level of Level of hav (lbs) 
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30 8 301 288 270 
aSee footnote a, page 60. 
Table 13» Milk production, marginal products, and marginal rates of substitution3 
for specified levels of hay and grain feeding, estimated from Equation 
14 with all auxiliary variables set at their means 
Level of Level of hav (lbs) 








































































































































326 325 320 
aSee footnote a, page 60. 
Table 14. Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding, estimated from Equation 
15 with all auxiliary variables set at their means 
Level of Level of hav (lbs) 







































































































































323 322 318 
aSee footnote a, page 60. 
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V. DERIVED QUANTITIES FOR MILK PRODUCTION FUNCTION 
The main purpose of a milk production function is to 
provide a basis for estimating derived quantities, including 
input-output relationships and economic optima. Basic input-
output relationships estimated are marginal physical products, 
marginal rates of substitution, milk isoquants and isoclines. 
Economic optima include specification of least-cost ration 
and profit maximizing level of output for various grain : 
hay î milk price combinations. All these derived quantities 
were defined previously. 
Throughout the following presentation, there are 
several instances in which the computed economic optimum 
ration includes a zero or near-zero level of hay feeding. It 
is a well established principle of ruminant physiology that 
the dairy cow requires a certain minimum amount of roughage 
in her diet. Hence in those cases in which little or no hay 
is indicated in the least-cost ration, it is understood that 
the physiological minimum level of hay should be fed. 
The scope of the present chapter includes two tasks. 
First, Equations 13» 14, and 15 are compared with respect to 
their implied derived quantities. For this purpose all 
auxiliary variables are set at their respective mean levels. 
Following this discussion is an examination of the derived 
quantities for different production conditions, as represented 
68 
by Equation 13 with the auxiliary variables set at appropriate 
levels. 
Comparison of Derived Quantities for 
Equations 13, 14 and 15 
Average experimental conditions can be approximated 
by setting each auxiliary variable at its observed mean 
level. The approximate mean values of the auxiliary vari­
ables, as used in the present analysis, are as follows; 
T = 11, the 11th week of the experiment or the 20th week 
of the lactation. 
F = 52°, the average of daily high temperature readings. 
A = 2459 pounds of milk produced during a 50-day 
preliminary period on full feeding. 
W = 1129 pounds, the body weight at the beginning of the 
experimental period. 
J = 54 index of maturity based on 66 for a mature cow. 
K = 9 percent of inbreeding. 
Figures 7» 8, and 9 show the derived quantities for 
Equations 13, 14, and 15» respectively. Economic optimum 
data for these figures are presented in Tables 15» 16, and 17. 
Data for the isoquants and surfaces were presented in the 
previous chapter. 
Different grain : hay price ratios were achieved by 
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keeping the grain price constant at $3.00 per cwt. and 
varying the hay price from $.75 per cwt. to $1.75 per cwt. 
The isocline for each feed price ratio is shown by a dotted 
line labeled with an encircled fraction to indicate the 
relevant grain : hay price ratio. For each grain : hay 
price ratio, three different milk prices are used to represent 
low, medium and high price levels. Each triangular dot repre­
sents an economic optimum for a milk price of #3 per cwt. 
Bound and square dots represent $4 and $5 milk, respectively. 
Short run profit is shown for each economic optimum. For 
instance, in Figure 7 the expected profit is $3*84 when 
prices per cwt. are #3.00, #0.75, and #3.00 for grain, hay, 
and milk, respectively. This profit is defined as return 
above feed cost per cow per week. Ridge lines, isoclines, 
and milk isoquants are also shown in the derived quantity 
graphs. Symbols used in representing each of the derived 
quantities are indicated in the legend. 
Table 18 provides a comparison of the three equations 
(13, 14, and 15) with respect to their implied economic 
optima. It can be readily noted that corresponding economic 
optima estimated from each of these three equations are all 
nearly equal. 
Figure ?• Derived quantities estimated from Equation 13 
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Figure 8. Derived quantities estimated from Equation 14 
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Figure 9» Derived quantities estimated from Equation 15 
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Table 15» Economic optima and return over feed cost estimated from Equation 1^3, 
with all auxiliary variables set at their means i 









#3.00 #0.75 $3.00 256 61 268 $3.84 
3.00 1.00 3.00 261 91 180 3.28 
3.00 1.25 3.00 258 122 92 2.94 
3.00 1.75 3.00 248 154 0e 2.82 
3.00 0.75 4.00 280 95 242 6.53 
3.00 1.00 4.oo 282 118 176 6.01 
3.00 1.25 4.00 281 141 110 5.66 
3.00 1.75 4.00 270 179 0e 5-43 
3.00 0.75 5.00 291 115 226 9.39 
3.00 1.00 5.00 293 133 173 8.89 
3.00 1.25 5.00 292 152 120 8.53 
3.00 1.75 5.00 282 189 15e 8.19 
^Profit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
°The physiological minimum level of hay should be fed. 
Table 16. Economic optima and return over feed cost estimated from Equation 14, 
with all auxiliary variables set at their means 
Priçç per cwt. for Milk* Least cost ration (lbs) Profit13 
G H M Grain Hay 
$3.00 $0.75 #3.00 269 56 321 #3.98 
3.00 1.00 3.00 267 84 220 3.30 
3.00 1.25 3.00 257 111 120 2.88 
3.00 1.75 3.00 234 144 0° 2.70 
3.00 0.75 4.oo 295 87 314 6.82 
3.00 1.00 4.00 294 108 239 6.13 
3.00 1.25 4.00 288 128 163 5.62 
3.00 1.75 4.00 262 169 13 5.18 
3.00 0.75 5.00 306 106 310 9.83 
3.00 1.00 5.00 306 122 250 9.13 
3.00 1.25 5.00 302 138 190 8.58 
3.00 1.75 5.00 286 171 69 7.94 
aProfit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
cThe physiological minimum level of hay should be fed. 
Table 17» Economic optima and. return over feed cost estimated from Equation 15» 
with all auxiliary variables set at their means 









$3-00 #0.75 $3.00 255 30 371 $3-98 
3.00 1.00 3.00 2 57 73 229 3.23 
3.00 1.25 3.00 247 117 87 2.84 
3.00 1.75 3.00 235 143 0° 2.77 
3.00 0.75 4.00 285 70 348 6.71 
3.00 1.00 4.00 286 102 241 5.97 
3.00 1.25 4.00 281 135 134 5.50 
3.00 1.75 4.00 264 176 0° 5.29 
3.00 0.75 5.00 299 94 334 9.63 
3.00 1.00 5.00 300 120 248 8.91 
3.00 1.25 5.00 296 146 163 8.39 
3.00 1.75 5.00 2 77 195 0C 8.00 
aProfit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
cThe physiological minimum level of hay should be fed. 
Table 18. Comparison of Equations 13, 14, and 15, with respect to estimated 
economic optima and profit. All auxiliary variables set at mean. 
Price in È/cwt.. for Economic optima and 
Grain Hay Milk profit for Equation 
13 14 15 





























































*The physiological minimum level of hay should be fed. 
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Derived Quantities for Equation 13 with 
Changing Auxiliary Variables 
By setting the auxiliary variables at carefully 
selected levels, Equation 13 can be used to approximate 
different relevant production conditions. In this way it is 
possible to estimate the derived quantities for different 
stages of the lactation, for different seasons of the year, 
and for cows with widely different combinations of character­
istics. 
ê£âgÊ OL lactation 
Figure 10 illustrates the derived quantities for the 
first week of the experiment (T = l), or the tenth week of 
the lactation. All the other auxiliary variables are set at 
their respective mean levels. Figures 11, 12, and 13 are 
similar to Figure 10, except that they represent the derived 
quantities for the 14th, 31st, and 35th weeks of the lacta­
tion (T = 5, 22, and 26) respectively. Economic optimum 
data for these four derived quantity graphs are presented 
in Tables 19, 20, 21 and 22, respectively. Similarly, data 
for the four sets of isoquants appearing on these graphs are 
given in Tables 23, 24, 25, and 26. Surfaces corresponding 
to these four stages of the lactation are illustrated in 
Figures 14, 15, 16, and 17, respectively. Tables indicating 
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the data for these surfaces are Tables 27, 28, 29, and 30, 
respectively. 
In comparing the surfaces for the different stages of 
lactation, it is obvious that a given quantity of feed 
results in a progressively smaller quantity of milk as the 
lactation progresses. This decline is consistent with well 
known dairy nutrition. Algebraically, this decline is 
affected by the negative coefficient for the GT interaction 
term in Equation 13-
Figure 18 illustrates how the points of economic 
optima vary over the lactation. For a given grain ; hay : 
milk price combination, the proportion of grain in the 
economic optimum ration declines as T increases. This 
reflects the fact that as T increases, the marginal product 
of grain—hence the marginal rate of substitution—decreases. 
Thus the isoclines are shifted toward the hay axis. These 
effects are analyzed in Chapter III. Table 31 contains a 
comparison of the economic optima for various stages of the 
lactation, including profit, or return over feed cost. 
Figure 10. Derived quantities estimated from Equation 13 
for first experimental week (T=l); all other 
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Figure 11. Derived quantities estimated from Equation 13 
for 5th experimental week (T=5); all other 
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Figure 12. Derived quantities estimated from Equation 13 
for 22nd experimental week (T=22); all other 
auxiliary variables set at their means 
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Figure 13. Derived quantities estimated from Equation 13 
for 26th experimental week (T=26); all other 
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Table 19. Economic optima and return over feed cost estimated from Equation 13 
for the first experimental week (T=l); all other auxiliary variables 













#3.00 $0.75 S3.00 269 73 247 15.35 
3.00 1.00 3.00 319 104 159 4.85 
3.00 1.25 3.00 316 135 71 4.56 
3.00 1.75 3.00 309 160 0° 4.49 
3.00 0.75 4.00 338 107 221 8.63 
3.00 1.00 4.00 340 130 155 8.16 
3.00 1.25 4.00 339 153 7.85 
3.00 1.75 4.00 331 184 0° 7.70 
3.00 0.75 5.00 349 128 206 12.07 
3.00 1.00 5.00 351 146 153 11.62 
3.00 1.25 5.00 350 164 100 II.30 
3.00 1.75 5.00 341 199 0° 11.07 
aProfit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
cThe physiological minimum level of hay should be fed. 
Table 20. Economic optima and return over feed cost estimated from Equation 13 
for the 5th experimental week (T=5); all other auxiliary variables 
set at their means 









#3-00 #0.75 #3.00 288 68 256 #4.68 
3.00 1.00 3.00 293 99 167 4.15 
3.00 1.2 5 3.00 291 130 79 3.84 
3.00 1.75 3.00 283 158 0C 3-75 
3.00 0.75 4.00 312 102 229 7.70 
3.00 1.00 4.00 315 125 163 7.21 
3.00 1.25 4.00 314 148 97 6.88 
3.00 1.75 4.00 304 182 oc 6.70 
3.00 0.75 5.00 323 123 214 10.88 
3.00 1.00 5.00 325 141 161 10.41 
3.00 I.25 5.00 324 159 108 10.08 
3.00 1.75 5.00 315 196 2° 9.80 
aProfit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
°The physiological minimum level of hay should be fed. 
Table 21. Economic optima and return over feed cost estimated from Equation 13 
for 22nd experimental week (T=22); all other auxiliary variables set 
at their means 
Price per cwt. for Milka Least cost ration (lbs) Profit13 
G H M Grain Hay 
$3.00 $0.75 $3.00 214 47 290 $2.83 
3.00 1.00 3.00 219 78 202 2.21 
3.00 1.25 3.00 216 108 114 1.82 
3.00 1.75 3.00 203 148 0° 1.63 
3.00 0.75 4.00 238 81 264 5.10 
3.00 1.00 4.00 240 104 198 4.53 
3.00 I.25 4.00 239 127 132 4.11 
3.00 1.75 4.00 224 173 0C 3.78 
3.00 0.75 5.00 249 101 249 7.54 
3.00 1.00 5.00 251 119 196 6.99 
3.00 1.25 5.00 250 138 143 6.56 
3.00 1.75 5.00 240 175 37 6.11 
aProfit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
cThe physiological minimum of hay should be fed. 
Table 22. Economic optima and return over feed cost estimated from Equation 13 
for the 26th experimental week (T=26); all other auxiliary variables 












$3.00 $0.75 $3.oo 204 42 299 $2.63 
3.00 1.00 3.00 209 72 211 2.00 
3.00 1.25 3.00 207 103 123^ 1.58 
3.00 1-75 3.00 191 146 0C 1.37 
3.00 0.75 4.00 228 76 272 4.81 
3.00 1.00 4.00 231 99 206 4.21 
3.00 1.25 4.00 230 122 140 3.78 
3.00 1.75 4.00 215 168 8C 3.41 
3.00 0.75 5.00 239 96 2 57 7.15 
3.00 1.00 5.00 241 114 204 6.58 
3.00 1.25 5.00 240 133 151 6.13 
3.00 1.75 5.00 231 170 46 5.64 
aProfit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
cThe physiological minimum of hay should be fed. 
Table 23. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13» for first experimental week (T=l); all other 
auxiliary variables set at their means 
Level Pounds of hay re- Derived quantities3, along indicated milk isoquants 
of quired to maintain 100 200 300 
grain milk output of M M £2 M ÔM M dM dM am 
Tibs) 100 200 300 dG dH dG dG dH dG dG dH dG 
10 56 191 2.31 .89 2.60 1.84 .60 3.09 
20 31 161 2.30 .91 2.53 1.84 .63 2.95 
30 6 132 2.29 .93 2.47 1.84 •65 2.82 
40 105 344 1.84 .68 2.71 1.00 .16 6.32 
50 78 291 1.83 .70 2.62 1.08 .24 4.56 
60 52 249 1.82 .72 2.53 1.13 .29 3.85 
70 27 213 1.81 .74 2.44 1.16 .34 3.43 
80 3 180 1.79 .76 2.37 1.17 •37 3.14 
90 150 1.18 .40 2.92 
100 122 1.17 .43 2.73 
110 95 1.17 .45 2.58 
120 70 1.15 .47 2.45 
130 46 1.14 .49 2.33 
140 24 1.12 .50 2.22 
150 2 1.09 •51 2.12 
aSee footnote a, page 60. 
Table 24. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13, for 5th experimental week (T=5); all other 
auxiliary variables set at their means 
Level Pounds of hay re- Derived quantities3, along indicated milk isoquants 
of quired to maintain 100 200 100 
grain piiJLH output Çf M &M £H M dM M M dM M 
(lbs) 100 200 300 dG dH dG dG dH dG dG dH dG 
10 81 229 2.20 .84 2.64 1.68 .51 3.28 
20 55 197 2.19 .86 2.56 1.69 .55 3.10 
30 30 167 2.18 .88 2.49 1.90 • 58 2.94 
40 5 138 2.17 .89 2.42 1.70 • 60 2.81 
50 111 1.69 .63 2.69 
60 85 1.69 .65 2.59 
70 59 310 1.67 .67 2.49 .79 .12 6.32 
80 35 259 1.66 .69 2.41 .87 .20 4.33 
90 11 220 1.64 .71 2.33 .91 .25 3.61 
100 186 .92 .29 3.20 
110 156 .93 .32 2.91 
120 128 .93 .35 2.68 
130 102 .92 .37 2.50 
140 78 .90 .38 2.35 
150 55 .88 .40 2.21 
l6o 33 .86 .41 2.09 
170 13 .83 .42 1.97 
aSee footnote a, page 60. 
Table 25. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13, for 22nd experimental week (T=22); all other 
auxiliary variables set at their means 
Level Pounds of hay re- Derived quantities3 along indicated milk isoquants 
of quired to maintain 100 200 
grain milk outnut of M M aa M M M 
(lbs) 100 200 dG dH dG dG dH dG 
10 157 1.84 .67 2.75 
20 130 350 1.84 .69 2.65 1.06 .21 4.95 
30 104 306 1.83 .71 2. 56 1.12 .28 4.05 
40 79 268 1.81 .73 2.47 1.15 .32 3.56 
50 54 234 1.80 • 75 2.39 1.17 .36 3.23 
60 31 203 1.78 .77 2.32 1.17 • 39 2.99 
70 8 174 1.76 • 78 2.25 1.17 .42 2.79 
80 147 1.17 .44 2.63 
90 122 1.16 .46 2.49 
100 97 1.14 .48 2.37 
110 74 1.12 .50 2.26 
120 52 1.10 • 51 2.16 
130 31 1.07 .52 2.06 
140 11 1.04 • 53 1.97 
aSee footnote a, page 60. 
Table 26. Milk isoquants, marginal products and marginal rates of substitution 
based on Equation 13» for 26th experimental week (T=26); all other 
auxiliary variables set at their means 
Level Pounds of hay re- Derived quantities3 along indicated milk isoquants 
of quired to maintain 190 200 
grain milk outmit of M M &H M dM M 
(lbs) 100 200 dG dH dG dG dH dG 
10 166 1.79 • 65 2.75 
20 139 384 1.98 .67 2.64 .92 .14 6.55 
30 113 331 1.77 .70 2.55 1.00 .22 4.55 
40 88 290 1.76 .71 2.46 1.05 .28 3.81 
50 64 254 1.74 • 73 2.38 1.07 .32 3.38 
60 40 222 1.73 •75 2.31 1.09 •35 3.08 
70 17 192 1.71 • 76 2.24 1.09 .38 2.85 
80 165 1.09 .41 2.67 
90 139 1.08 .43 2.51 
100 114 1.06 .45 2.38 
110 91 1.04 .46 2.26 
120 69 1.02 .47 2.15 
130 48 .99 .48 2.05 
140 28 .96 .49 1.95 
150 9 .93 • 50 1.86 
aSee footnote a, page 60. 
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Figure 14. Milk production surface and isoquants estimated 
from Equation 13 for first week of experiment 





Figure 15 • Milk production surface and isoquants estimated 
from Equation 13 for 5th week of experiment 





Figure lé. Milk production surface and isoquants estimated 
from Equation 13 for 22nd week of experiment 





Figure 1?» Milk production surface and isoquants estimated 
from Equation 13 for 26th week of experiment 
(T=26); all other auxiliary variables set at 
their means 
Table 27. Milk production, marginal products, and marginal rates of substitution3, 
for specified levels of hay and grain feeding during first experimental 
week, estimated from Equation 13 with all auxiliary variables set at 
their means 
Level of Level of hav (lbs) 





























































































































366 359 346 328 
— 
aSee footnote a, page 60. 
Table 28. Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding during the 5th experi­
mental week, estimated from Equation 13 with all other auxiliary 
variables set at their means 
Level of Pf h4Y (lfrs) 
































































































































341 334 321 303 
— 
aSee footnote a, page 60. 
Table 29. Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding during the 22nd experi­
mental week, estimated from Equation 13 with all other auxiliary 
variables set at their means 
Level of Level of hav (lbs) 
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268 266 258 246 227 
— 
aSee footnote a, page 60. 
Table 30. Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding during the 26th experi­
mental week (T=26), estimated from Equation 13 with all other auxiliary 
variables set at their means 
Level of Level of hav (lbs) 


















































































































258 256 248 236 217 
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Figure 18. Changes in profit maximizing ration over the 
lactation for various price ratios, estimated 
from Equation 13 with all other auxiliary 
variables set at their means 
Table 31. Comparison of economic optima at different stages of lactation with 
various price combinations; temperature set at mean; cow character­
istics set at mean of 72 Holstein cows 
Prisse, Week of experiment 
Grain Hay Milk 1 5 11 22 






























































































aThe physiological minimum level of hay should be fed. 
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Environmental tSMBSr^tUrS 
Setting the temperature variable (P) at different lev­
els, it is possible to approximate the milk production function 
as it exists during different seasons of the year. Derived 
quantities for a cold season, represented by F=10, are illus­
trated in Figure 19. Figure 20 is a similar representation 
of a hot season; F is set at 90. All other auxiliary vari­
ables are set at their mean values. Tables 32 and 33 contain 
the economic optimum data, while tables 34 and 3.5 contain 
isoquant data for cold and hot seasons, respectively. 
The economic optimum rations do not vary with tempera­
ture, because F does not appear in any feed interaction term 
in Equation 13» However, the height of the milk production 
surface does vary as temperature changes, since Equation 13 
contains several non-feed terms involving F. The shift in 
height of the surface with temperature change becomes 
obvious when Figure 21 (representing cold temperatures, F=10) 
is compared with Figure 22 (representing hot temperatures, 
F=90). Data for these two surfaces are presented in Tables 
36 and 37» respectively. 
A comparison of cold and hot temperatures with respect 
to economic optima is provided in Table 38. Obviously, the 
rations do not change; only the profit maximizing level of 
milk output, and consequently the profit, are subject to 
change as temperature varies. 
Figure 19• Derived quantities estimated from Equation 13 
for low temperatures (F=10), all other auxiliary-




ISOCLINE FOR PRICE 
RATIO g: % IN 
DOLLARS PER CWT. 
POINTS OF ECONOMIC OPTIMA (A), AND RETURN 
OVER FEED COST (B), FOR MILK PRICE OF: 
(A) (B) 
A #X XX #3.00 PER CWT 
O ix.xx #4.00 PER CWT 
•  ÏX.XX #5.00 PER CWT. 
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Figure 20. Derived quantities estimated from Equation 13 
for high temperatures (F=90), all other 




ISOCLINE FOR PRICE 
RATIO g : g IN 
DOLLARS PER CWT. 
POINTS OF ECONOMIC OPTIMA (A), AND RETURN 
OVER FEED COST (B), FOR MILK PRICE OF: 
(A) (B) 
A #X.XX #3.00 PER CWT 
O ix.xx #4.00 PER CWT 
•  #X.XX #5.00 PER CWT. 
a 
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Table yi. Economic optima and return over feed cost estimated from Equation 13 













$3.00 $ 0 . 7 5  #3.00 247 61 268 S3.57 
3.00 1.00 3.00 252 91 180 3.01 
3.00 1 . 2 5  3.00 250 122 92 2.67 
3.00 1 . 7 5  3.00 239 154 0° 2 . 5 5  
3.00 0 . 7 5  4.00 271 95 242 6.18 
3-00 1.00 4.00 274 118 176 5« 66 
3.00 1 . 2 5  4.00 272 141 110 5.30 
3.00 1.75 4.00 26l 179 0° 5.07 
3.00 0.75 5.00 282 115 226 8.95 
3.00 1 . 0 0  5.00 284 133 173 8.45 
3-00 1 . 2 5  5.00 283 152 120 8.08 
3.00 1.75 5.00 273 189 15° 7.74 
aProfit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
cThe physiological minimum level of hay should be fed. 
Table 33» Economic optima and return over feed cost estimated from Equation 13 
for hot temperatures (F=90); all other auxiliary variables set at 
their means 
Price per cwt. for Milk8, Least cost ration (lbs) Profit13 
G H M Grain Hay 
$ 3 . 0 0  1 0 . 7 5  13.00 238 61 268 $3.32 
3 . 0 0  1 . 0 0  3 . 0 0  244 91 180 2.76 
3 . 0 0  1 . 2 5  3 . 0 0  241 122 92 2.42 
3 . 0 0  1 . 7 5  3 . 0 0  231 154 0C 2 . 3 0  
3 . 0 0  0 . 7 5  4.00 262 95 242 5.84 
3 . 0 0  1 . 0 0  4.00 265 118 1 7 6  5.32 
3 . 0 0  1 . 2 5  4.00 264 141 no _ 4.97 
3 . 0 0  1 . 7 5  4.00 253 179 o c  4.74 
3 . 0 0  0 . 7 5  5 . 0 0  273 115 226 8.53 
3 . 0 0  1 . 0 0  5 . 0 0  2 75 133 173 8.03 
3 . 0 0  1 . 2 5  5 . 0 0  274 152 120 7.66 
3 . 0 0  1 . 7 5  5 . 0 0  265 189 15c 7-33 
^Profit maximizing level of milk output, in pounds. 
^Return over feed cost per cow per week. 
cThe physiological minimum level of hay should be fed. 
Table 34. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13» for cold temperature (F=10) ; all other auxiliary-
variables set at their means 
Level Pounds of hay re- Derived quantities^ along indicated milk isoquants 
of quired to maintain 100 200 100 
grain milk output of M M ££ M M M M M £2 
(lbs) 100 200 300 dG dH dG dG dH dG dG dH dG 
10 125 312 2.01 .74 2.73 1.36 .33 4.08 
20 99 274 2.01 .76 2.64 1.39 .38 3.65 
30 73 239 2.00 • 78 2.55 1.41 .42 3.35 
40 48 207 1.98 .80 2.47 1.43 .46 3.12 
50 23 176 1.97 .82 2.40 1.43 .49 2.94 
60 148 1.43 .51 2.78 
70 121 1.43 .54 2.65 
80 95 1.42 .56 2.53 
90 70 1.40 .58 2.43 
100 46 1.38 .59 2 . 3 3  
110 23 1.36 .61 2.24 






180 160 .18 .06 2.73 
190 137 .16 .08 1.97 
200 120 .11 .08 1.42 
210 109 .05 .07 0.75 
a 
See footnote a, page 60, 
Table 35* Milk isoquants, marginal products and marginal rates of substitution 
based on Equation 13, for hot temperature (F=90); all other auxiliary 
variables set at their means 
Level Pounds of hay re- Derived quantities0 along indicated milk isoquants 
of quired to maintain 100 200 
grain milk output of £M £M M M 
Tibs) 100 200 dG dH dG dG dH dG 
10 137 340 1.97 .71 2.77 1.26 .27 4 . 6 3  
20 110 297 1.97 .74 2.67 1.31 •33 3.97 
30 84 260 1.96 .76 2.58 1.34 •38 3.56 
40 58 226 1.95 .78 2.50 1.36 .41 3.27 
50 34 194 1.93 .80 2.42 1.37 .45 3 . 0 5  
60 10 164 1.92 .81 2.35 1.37 .48 2.87 
70 137 1.37 .50 2.72 
80 110 1.36 .53 2.59 
90 85 1.35 •55 2.47 
100 60 1.33 .56 2.37 
110 37 1.31 • 58 2.2 7 
120 15 1.29 .59 2.19 
aSee footnote a, page 60. 
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.V 
Figure 21. Milk production" surface and isoquants estimated 
from Equation 13 for low temperatures (F=10) 
with all other auxiliary variables set at their 
means 
118 
Figure 22. Milk production surface and isoquants estimated 
from Equation 13 for high temperatures (F=90) 
with all other auxiliary variables set at their 
means 
Table 3 6 .  Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding during cold temperature 
(F=10>; all other auxiliary variables set at their means ; estimated 
from Equation 13 
Level of Level of hav (lbs) 
grain 50 100 150 200 250 300 350 
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300 292 279 261 
- -
aSee footnote a, page 60 
Table 37» Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding during hot temperature 
(F=90); all other auxiliary variables set at their means; estimated 
from Equation 13 
Level of Level of hav (lbs) 
^rain 50 100 150 200 250 300 350 


























































































































291 294 271 253 
-
aSee footnote a, page 60. 
Table 38. Comparison of estimated economic optima for low versus high 
temperature (F = 10O, F = 90°); all other auxiliary variables set 
at means 
Prices. É/cwt. Economic optima and profit for 
Grain Hay Milk F = loo F = 900 
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&The physiological minimum level of hay should be fed. 
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egg fihara?ter;UUcs 1* I» H, sM A 
In the preceding analysis, stage of lactation (T) and 
temperature (?) were each varied separately. Such variation 
is conceptually consistent with dairy nutrition and physiology, 
since T and F are mutually independent. However, the cow 
characteristic variables are mutually dependent. Therefore 
it is not reasonable to consider a major change in any one of 
the cow characteristics without considering a simultaneous 
change in some of the others. For instance, consider a change 
in age. During the maturing process, cows normally gain a 
considerable amount of weight. At the same time ability 
(as measured in the present study) is expected to increase as 
the cow matures. Percent of inbreeding, of course, remains 
constant throughout a cow's life. Hence, when a change in 
the age variable is considered, a corresponding change in 
weight and ability should also be taken into account. Like­
wise, a highly inbred cow usually has much lower body weight 
and ability than an outbred cow, particularly at an early 
age (9). 
In order to quantify the interrelationship among the 
cow characteristics, two simultaneous equations were computed 
using pooled data from the Holsteins involved in both experi­
ments. These are Equations 1 and 11 of Chapter III. Setting 
J and K at different combinations of levels, this system of 
simultaneous equations was solved to find realistic values of 
123 
W and A, as presented in Table 39* 
Table 39- Body weights and ability indexes for different 
levels of maturity and inbreeding as predicted 
from Equations 1 and 11 of Chapter III 
Maturity weisht f<?r 
K=0 K=25 K=0 K=25 
26 1075 975 2794 2400 
66 1359 1259 3396 3002 
By substituting these values of the cow characteris­
tics into Equation 13, it is possible to synthesize 4 similar 
production functions—each representing a different hypo­
thetical cow. Derived quantities can then be computed for 
each resulting production function. Figures 23, 24, 25, and 
26 indicate the economic optima and isoquants for the 4 
combinations of cow characteristics, as indicated in their 
respective titles. Corresponding surfaces are presented in 
Figures 27, 28, 29, and 30» In each case, stage of lactation 
and temperature are set at their mean levels of T=ll and 
F=52, respectively. Data for these graphs are presented in 
tabular form as in previous sections. 
Figures 23 and 27 represent non-inbred heifers. 
Inbreeding and maturity are set at K=0 and J=26. Accordingly, 
ability and weight are adjusted to A=2255 and W=984. 
Figure 23. Derived quantities estimated from Equation 13 
for outbred heifers (J=26, K=0, A=2255, W=984), 
all other auxiliary variables set at their 
means 
LEGEND 
-)(— RIDGE UNE 
MILK ISOQUANT 
ISOCLINE FOR PRICE 
RATIO § ! IN 
DOLLARS PER CWT. 
/ 
POINTS OF ECONOMIC OPTIMA (A), AND RETURN 
Î3.00 PER CWT 4.00 PER CWT 
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Figure 24. Derived quantities estimated from Equation 13 
for outbred mature cows (J=66, K=0, A=2711, 





ISOCLINE FOR PRICE 
RATIO Ig I fg IN 
DOLLARS PER CWT. 
POINTS OF ECONOMIC OPTIMA (A), AND RETURN 
OVER FEED COST (B), FOR MILK PRICE OF: 
(A) (B) 
A #X.XX #3.00 PER CWT 
O #X.XX #4.00 PER CWT 
•  jjx.XX #5.00 PER CWT. 
aThe physiological minimum level of hay should be fed 
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Figure 2 5 .  Derived quantities estimated from Equation 13 
for inbred heifers (J=26, K=25, A=1908, W=898), 




ISOCLINE FOR PRICE 
RATIO g:  (g IN 
DOLLARS PER CWT. 
POINTS OF ECONOMIC OPTIMA (A), AND RETURN 
OVER FEED COST (B), FOR MILK PRICE OF: 
(A) (B) 
A #x.xx #3.00 PER CWT 
0 ix.xx #4.00 PER CWT 
O jjx.xx #5.00 PER CWT. 
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Figure 26. Derived quantities estimated from Equation 13 
for inbred mature cows (J=66, K=25, A=2364, 





ISOCLINE FOR PRICE 
RATIO Ig: % IN 
DOLLARS PER CWT. 
POINTS OF ECONOMIC OPTIMA (A), AND RETURN 
OVER FEED COST (B), FOR MILK PRICE OF: 
(A) (B) 
A #X. XX #3.00 PER CWT 
O #X.XX #4.00 PER CWT 
•  jjx.XX #8.00 PER CWT. 
aThe physiological minimum level of hay should be fed 
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Table 40. Economic optima and return over feed cost estimated from Equation 13 
for outbred heifers®; all other auxiliary variables set at their means 
Price per cwt. for Milkb Least cost ration (lbs) Profit0 
G H M Grain Hay 
# 3 . 0 0  $ 0 . 7 5  $ 3 . 0 0  224 27 337 $3.39 
3 . 0 0  1.00 3 . 0 0  229 57 249 2.66 
3 . 0 0  1.25 3 . 0 0  227 88 161 2.15 
3 . 0 0  1.75 3 . 0 0  204 144 od 1.78 
3 . 0 0  0.75 4.00 248 61 311 5.77 
3 . 0 0  1.00 4.00 251 84 245 5.07 
3 . 0 0  1 . 2 5  4.00 249 107 179 4.55 
3 . 0 0  1.75 4.00 235 153 47 3.98 
3 . 0 0  0.75 5 . 0 0  259 81 2 9 5  8 . 3 1  
3 . 0 0  1.00 5.00 261 99 242 7.64 
3 . 0 0  1 . 2 5  5 . 0 0  260 118 189 7.10 
3 . 0 0  1.75 5 . 0 0  250 155 84 6.42 
aSee Figure 2 3 ,  page 125 for magnitudes of auxiliary variables. 
^Profit maximizing level of milk output, in pounds. 
cBeturn over feed cost per cow per week. 
dThe physiological minimum level of hay should be fed. 
Table 41. Economic optima and return over feed cost estimated from Equation 13 
for outbred mature cowsa; all other auxiliary variables set at their 
means 
Price per cwt. for Milkb Least cost ration (lbs) Profit0 
G H M Grain Hay 
# 3 .oo #0.75 # 3 . 0 0  242 94 197 #2.96 
3 . 0 0  1.00 3 . 0 0  247 124 109, 2 . 5 8  
3 . 0 0  1 . 2 5  3 . 0 0  244 155 2lJ 2.41 
3 . 0 0  1.75 3 . 0 0  243 162 0d 2.41 
3 . 0 0  0.75 4.00 266 128 171 5-51 
3 . 0 0  1.00 4.00 268 151 105 5.17 
3 . 0 0  1.25 4.00 267 174 39, 4.99 
3 . 0 0  1.75 4.00 264 187 od 4.96 
3 . 0 0  0.75 5 . 0 0  277 148 156 8 . 2 3  
3 . 0 0  1.00 5 . 0 0  278 166 103 7.91 
3 . 0 0  I. 2 5  5 . 0 0  278 185 50„ 7.72 
3 . 0 0  1.75 5 . 0 0  274 202 od 7.66 
aSee Figure 24, page 127 for magnitudes of auxiliary variables. 
^Profit maximizing level of milk output, in pounds. 
°Beturn over feed cost per cow per week. 
^The physiological minimum level of hay should be fed. 
Table 42. Economic optima and return over feed cost estimated from Equation 13 
for inbred heifers®; all other auxiliary variables set at their means 
Price per cwt. for Milk*3 Least cost ration (lbs) Profit0 
G H M Grain Hay 
$3-00 $ 0 . 7 5  #3-00 215 0 404 #3.41 
3 . 0 0  1.00 3 . 0 0  216 25 325 2.49 
3 . 0 0  1 . 2 5  3 . 0 0  214 56 237 1.79 
3 . 0 0  1-75 3 . 0 0  187 117 61 1.04 
3 . 0 0  0.75 4.00 235 28 387 5 . 6 6  
3 . 0 0  1.00 4.00 238 51 321 4.78 
3 . 0 0  1 . 2 5  4.oo 237 74 255 4.06 
3 . 0 0  1.75 4.00 222 120 123 3.11 
3 . 0 0  0.75 5.00 246 48 371 8.08 
3 . 0 0  1.00 5 . 0 0  248 67 319 7.21 
3 . 0 0  1 . 2 5  5 . 0 0  247 85 266 6.48 
3 . 0 0  1.75 5 . 0 0  238 122 160 5.42 
aSee Figure 25, page 129 for magnitudes of auxiliary variables. 
^Profit maximizing level of milk output, in pounds. 
cReturn over feed cost per cow per week. 
Table 43» Economic optima and return over feed cost estimated from Equation 13 
for inbred mature cowsaî all other auxiliary variables set at their 
means 
foi­ Milkb Least cost ration (lbs) Profit6 
G H ls Grain Hay 
$ 3 . 0 0  So.75 # 3 . 0 0  239 61 274 #3.30 
3 . 0 0  1 . 0 0  3 . 0 0  245 92 186 2 . 7 2  
3 . 0 0  1 . 2 5  3 . 0 0  242 123 98, 2.37 
3 . 0 0  1.75 3 . 0 0  231 157 0d 2.23 
3 . 0 0  0 . 7 5  4 . 0 0  263 95 248 5 . 8 3  
3 . 0 0  1 . 0 0  4 . 0 0  266 118 182 5.29 
3 . 0 0  1 . 2 5  4 . 0 0  265 141 116. 4.92 
3 . 0 0  1.7 5 4 . 0 0  253 181 0d 4.67 
3 . 0 0  0.75 5 . 0 0  274 115 232 8.53 
3 . 0 0  1.00 5 . 0 0  276 134 179 8 . 0 1  
3 . 0 0  1 . 2 5  5 . 0 0  2 75 152 1 2 6 ,  7.63 
3 . 0 0  1.75 5 . 0 0  266 189 2ld 7.26 
aSee Figure 26, page 131 for magnitudes of auxiliary variables. 
^Profit maximizing level of milk output, in pounds. 
cBeturn over feed cost per cow per week. 
^The physiological minimum level of hay should be fed. 
Table 44. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13» for outbred heifers3-; all other auxiliary 
variables set at their means 
Level Pounds of hay re- Derived quantities*3 along indicated milk isoquants 
of quired to maintain 100 200 
grain milk output of M iM M M M 
Tibs) 100 200 ôG ôH dG 3G dH dG 
10 136 319 1.88 • 75 2.52 1.23 • 35 3.54 
20 111 285 1.86 • 76 2.44 1.25 •39 3-24 
30 87 254 1.85 .78 2.36 1.26 .42 3.01 
40 64 225 1.83 .80 2.29 1.26 .45 2.82 
50 41 197 1.81 .81 2.23 1.26 • 47 2.67 
60 19 172 1.78 .82 2.16 1.25 .49 2.53 
70 147 1.23 .51 2.41 
80 123 1.21 •53 2.30 
90 101 1.19 .54 2.21 
100 79 1.17 • 55 2.11 
110 58 1.14 .56 2.03 
120 39 1.11 • 57 1.94 
130 20 1.08 .58 1.86 
140 1 1.04 .58 1.79 
aSee Figure 23, page 125 for magnitudes of auxiliary variables. 
bSee footnote a, page 60. 
Table 45» Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13, for outbred mature cowsa; all other auxiliary-
variables set at their means 
Level of Pounds of hay re- Derived quantities^ along indicated milk isoquants 
grain quired to maintain 100 200 
Tibs) milk outt>ut of 5H d.M dH M ilH 
100 200 dG dH dG dG dH dG 
10 159 1.98 42 3-15 20 128 400 1.99 . 66 3.01 1.02 .07 15.50 
30 98 323 1.99 .69 2.89 1.20 .20 5.98 
40 70 271 1.99 .72 2.78 1.28 .28 4.60 
50 43 229 1.98 .74 2.68 1.33 .34 3.96 
60 16 191 1.98 .76 2.59 1.36 •38 3.56 
70 157 1.38 .42 3.28 
80 125 1.39 .45 3.O6 
90 96 1.39 .48 2.88 
100 68 1.39 .51 2.73 
110 41 1-39 .53 2.60 
120 16 1.37 • 55 2.49 
aSee Figure 24, page 127 for magnitudes of auxiliary variables. 
bSee footnote a, page 60. 
Table 46. Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13» for inbred heifersa; all other auxiliary 
variables set at their means 
Level Pounds of hay re- Derived quantities^ along indicated milk isoquants 
of quired to maintain , 1P0 ?P9, 
grain milk-QUÈBUÈ. <?£ M M aa M M aa 
Tibs) 100 200 BG dH dG dG dH dG 
10 151 325 1.76 • 76 2.31 1.15 .39 2.98 
20 128 296 1.74 .78 2.24 1.15 .41 2.78 
30 106 269 1.72 • 79 2.17 1.15 .44 2.62 
40 85 243 1.69 .80 2.11 1.14 .46 2.48 
50 64 219 1.67 .81 2.05 1.12 .48 2.36 
60 44 196 1.64 .82 1.99 1.10 .49 2.24 
70 24 174 1.60 .83 1.94 1.08 .50 2.14 
80 5 153 1-57 .84 1.88 1.05 • 51 2.04 
90 133 1.02 .52 1.95 
100 114 • 98 .53 1.87 
110 96 •95 .53 1.78 
120 79 .91 • 53 1.70 
130 62 .87 .54 1.62 
140 46 .82 • 53 1.53 
150 31 .77 •53 1.45 
l60 17 .72 • 53 1.37 
170 4 .67 .52 1.28 
aSee Figure 25, page 129 for magnitudes of auxiliary variables. 
bSee footnote a, page 60. 
Table 4-7• Milk isoquants, marginal products, and marginal rates of substitution 
based on Equation 13» for inbred mature cowsa; all other auxiliary 
variables set at their means 
Level Pounds of hay re- Derived quantities^ along indicated milk isoquants 
of quired to maintain 100 200 
grain milk OHtDWt <?f M M aa M M M 
Tibs) 100 200 dG dH dG dG dH dG 
10 142 344 1.98 .72 2.76 1.27 .28 4.57 
20 115 302 1.97 • 74 2.67 1.32 .33 3.94 
30 89 264 1.96 .76 2.58 1.35 •38 3.54 
40 64 230 1.95 • 78 2.50 1.37 .42 3-26 
50 39 199 1.94 .80 2.42 1.38 •45 3.04 
60 15 169 1.92 .82 2.35 1.38 .48 2.8 7 
70 141 1.38 .51 2.72 
80 115 1.37 • 53 2.59 
90 90 1.36 .55 2.47 
100 65 1.34 .57 2.37 
110 42 1.32 • 58 2.27 
120 20 1.30 .59 2.18 
aSee Figure 26, page 131 for magnitudes of auxiliary variables. 
bSee footnote a, page 60. 
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Figure 27. Milk production surface and isoquants 
estimated from Equation 13 for outbred 
heifers 
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Figure 28. Milk production surface and isoquants 
estimated from Equation 13 for outbred 
mature cows 
Figure 29. Milk production surface and isoquants 
estimated from Equation 13 for inbred 
heifers 
Figure 30. Milk production surface and isoquants 
estimated from Equation 13 for inbred 
mature cows 
Table 48. Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding for outbred heifersb; 
all other auxiliary variables set at their means; estimated from 
Equation 13 
Level of 9f MV (ifrs) 


















































































































aSee footnote a, page 60. 
bSee Figure 23, page 125. 
Table 4-9• Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding for outbred mature cowsb; 
all other auxiliary variables set at their means; estimated from 
Equation 13 
Level of Level of hav (lbs) 
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aSee footnote a, page 60. 
bSee Figure 24, page 127. 
Table 50. Milk production, marginal products, and marginal rates of substitution^ 
for specified levels of hay and grain feeding for inbred heifers"; all 
other auxiliary variables set at their means; estimated from Equation 13 
Level of Level of hav (lbs 






















































































































aSee footnote a, page 60. 
bSee Figure 25, page 129. 
Table 51» Milk production, marginal products, and marginal rates of substitution 
for specified levels of hay and grain feeding for inbred mature cowsb; 
all other auxiliary variables set at their means; estimated from 
Equation 13 
Level of Level of hav (lbs) 
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aSee footnote a, page 60. 
bSee Figure 26, page 131. 
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In Figures 24 and 28, mature cows are considered 
(J = 66). Inbreeding is still zero, but ability and weight 
are now adjusted to A = 2711 and W = 1250. Note that all 
three economic optimum points for $1.75 per cwt. hay lie on 
the grain axis. This implies, as stated earlier, that the 
physiological minimum level of hay should be fed. 
Variation K with £ kept constant Figure 31 
compares outbred heifers with inbred heifers. Inbreeding, K, 
is set first at 0% and then at 2$% to represent outbred and 
highly inbred cows, respectively. Maturity index, J, is 
kept at 26 to represent 26-month-old heifers. Ability and 
weight are adjusted as indicated in Table 52. 
Two facts are clearly illustrated by Figure 31. 
First, outbred heifers are generally more profitable than 
inbred heifers. Second, the least-cost rations for outbred 
heifers contain a smaller proportion of hay than corresponding 
least-cost rations for inbred heifers. Thus, as higher hay 
prices are considered (ceteris -paribus) the profit differen­
tial between outbred and inbred heifers will increase. 
Figure 32 compares outbred and inbred cows at 
maturity (J = 66), with weight and ability again adjusted as 
indicated in Table 52. As in the case of heifers, outbred 
mature cows have a smaller proportion of hay in their least-
cost rations than do the mature inbred cows. However, Figure 
32 indicates that outbred mature cows are not consistently 
Figure 31. Comparison of least-cost rations and returns 
over feed cost for outbred (K = 0) versus 
highly inbred (K = 25) heifers (J = 26) with 
weight and ability set as indicated in 
Table 52; stage of lactation and temperature 
set at means. Symbols O and <8> represent 
economic optimum points for outbred and 
inbred heifers, respectively. 
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points of economic optimum 
for grain:hay:milk price 
ratio of : ph :pm with 




return over feed cost 
for 
(8 X.XX) K = 25 
BX .XX K = 0 
[3:1.25:4] 
* 4 5 5  
($3. If) 
[3 : 1.75 :4] 
#3.98 
40 80 120 160 
GRAIN 
200 240 
Table 52. Estimated economic optima for different levels of inbreeding and 
maturity with weight and ability adjusted3; stage of lactation and 
temperature set at experimental means 




























































































Weight and ability are adjusted for maturity and inbreeding through 
1 and 11 of Chapter III, as indicated in Table 39» 
'The physiological minimum level of hay should be fed. 
Figure 32. Comparison of least-cost rations and returns 
over feed cost for outbred (K = 0) versus 
inbred (K = 25) mature cows (J = 66) with 
weight and ability set as indicated in 
Table 52; stage of lactation and temperature 
set at means. Symbols O and ® represent 
economic optimum points for outbred and 





points of economic optimum 
for grain:hay: milk price 
ratio of pg  : ph= with in­
breeding set at: 
K
"
2 5  
xd k=o 
return over feed cost for 
(#x.xxj k = 25 
#x.xx k =0 
o #5.51 
[3 : 0.75 : 4 ] 
[ 3 : i : 4 ] 
(#4.92) 
[3 : 1.25 :4] 
#4.99 
40 




more profitable than inbred mature cows. In fact, when the 
hay price is very low relative to the grain price, inbred cows 
appear to be more profitable than outbred cows, due to the 
higher proportion of hay in their least-cost rations. 
Thus, according to the economic optima estimated from 
Equation 13» inbreeding is less detrimental to mature cows 
than to heifers. This is consistent with dairy research 
results which indicate that an inbred cow tends to mature at 
a later age than an outbred cow, but at maturity both will 
achieve about the same level of production (9). 
Variation J with j£ kept constant As indicated 
earlier, as a cow matures, her weight and ability both 
increase. Weight and ability are both featured in feed inter­
action terms in Equation 13• Hence, as J is changed both the 
height and slope of the milk production surface are affected. 
For this reason, a cow's age has important bearing on her 
economic optima and the amount of profit she can earn. 
Immature cows convert a large portion of their feed 
to body growth and maintenance. Therefore it is expected 
that a cow's profit earnings should increase with maturity. 
Furthermore, one would expect the difference between the 
earnings of heifers and cows to be more pronounced for inbred 
than for non-inbred animals (9)• Referring to Table 53» it 
is seen that this is indeed the case. Maturation raises the 
weekly profit per cow by at least 40^ more in highly inbred 
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Table 53» Profit increase^ with maturity for outbred cow 
versus highly inbred cow under various price 
ratios; stage of lactation and temperature set 
at experimental means; ability and weight 
adjusted for inbreeding and age, as in Table 52 
Price, ft/cwt. Increase in profit as J goes from 26 to 66 
Grain Hay Milk Inbreeding = 0%Inbreeding = 2$% 
3.00 0.75 4.00 
3.00 1.00 4.00 
3.00 1.25 4.00 









^Profit, as defined 
per week per cow. 
^Profit increase is 
minus profit for heifer, at 
price ratios. 
here, is return over feed cost 
defined as profit for mature cow 
economic optima with indicated 
cows than in outbred cows. This is due primarily to the 
relatively low productivity of the inbred animals at younger 
ages. 
Figure 33 shows how profit and least-cost rations 
change under different prices as a cow's maturity index 
goes from 26 to 66. Outbred cows (K = 0) are considered 
in this graph. Figure 3^ shows the same comparisons for 
highly inbred cows (K = 2$%), In both cases, weight and 
ability were adjusted as indicated earlier. Data for Figures 
33 and 3^ are presented in Table 52« 
Figure 33» Comparison of least-cost ration and returns 
over feed cost for outbred (K = 0) heifers 
(J = 26) versus mature (J = 66) outbred cows 
with weight and ability set as indicated in 
Table 52» stage of lactation and temperature 
set at means. Symbols O and <8> represent 
economic optimum points for outbred heifers 
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Figure 34. Comparison of least-cost rations and returns 
over feed cost for highly inbred (K = 25) 
heifers (J = 26) versus highly inbred mature 
cows (J = 66) with weight and ability set 
as indicated in Table 52; stage of lactation 
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160 
Uses of Estimated Input-Output Relationships 
and Economic Optima 
This chapter has presented derived quantities, 
including input-output relationships and economic optima, 
as estimated from Equation 13• Auxiliary variables were set 
at strategic levels in order to approximate relevant produc­
tion situations with regard to stage of lactation; environ­
mental temperature, and certain cow characteristics including 
maturity, inbreeding, body weight, and ability. It was 
pointed out earlier that because of the limitations inherent 
in the nature and scope of the data involved in this study, 
Equation 13 is only an approximation of the milk production 
function. Hence, the quantities derived from this equation 
must also be viewed as approximations. This fact becomes 
obvious in the following chapter, concerning the confidence 
regions about the derived quantities. 
When additional data become available, improved 
estimates of the production function can be obtained and 
more reliable estimates of the derived quantities can be 
computed. Until such additional data are forthcoming, 
however, the results presented herein stand to make two 
contributions. First, the input-output relationships and 
economic optimum comparisons can be used as bench marks for 
making recommendations to producers. The derived quantities 
l6l 
provide indications of the general manner in which the input-
output relationships and the economic optima are affected by-
differences in the production conditions, as represented by 
the derived quantities. Such indications should be useful 
to dairymen, both as guides for establishment of feeding 
rations and as guides for culling, replacement, and other 
herd management practices. 
Second, the quantities and relationships estimated in 
this study should provide hypotheses and guidance for future 
research concerning the milk production function. The 
importance and effects of all the independent variables 
included in the present study, plus possibly several others, 
can be established with more certainty as additional research 
is undertaken. 
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VI. CONFIDENCE REGIONS FOR ISOCLINES, ISOQUANTS, 
AND ECONOMIC OPTIMUM QUANTITIES OF FEED INPUTS 
Derived quantities are often the end products of, as 
well as the motivation for, production function studies. The 
preceding chapter contained estimates of the quantities derived 
from the milk production function, as estimated in Equation 13-
It seems highly desirable to have an indication of the reli­
ability of these estimates. Thus the present chapter contains 
a discussion of the confidence regions for some representative 
derived quantities, including isoclines, isoquants, and 
economic optimum quantities of feed inputs. 
Methods of Computation 
The general procedure employed in computing the 
confidence regions is given by Fuller (11). His presentation 
involves the simplified quadratic production function with 
two variables resources, and X2 and no auxiliary variables, 
as shown in Equation 22. 
(22) Y = % + % + % + + % 
The variances and covariances of the five regression coef­
ficients are estimated by the variance-covariance matrix 
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2 p 
V s , where V is a 5x5 matrix and s is the error mean 
square. 
In Fuller' s discussion, using an equation of the type 
shown in Equation 22, V is identically equal to the familiar 
inverse of the sums of squares and cross products matrix. In 
computing the V matrix for Equation 13» however, Fuller's 
method had to be expanded to allow for the three feed inter­
action terras, GT, GW and HA. In computing the 5 x 5 V matrix 
from the (27 x 27) inverse matrix of Equation 13» the three 
rows and columns involving the three feed interaction terms 
are used, along with the five rows and columns corresponding 
to the pure feed terms. In an abbreviated form, Equation 13 
may be written as 
(23) M = C + b G + b H + b G2 + b. H2 + b H + b.GT 
0 1 z 3 4 5 6 
+ b?GW + bgHA , 
where C0 is the sum of all terms that are constant with 
respect to variation of G and H. Equation 13 may also be 
represented in the form of Equation 22: 
(24) M = C + CG+CJ + C G2 + C.H2 + C GH 
u l <d 3 4 5 
where terms are defined as 
(25) C1 = b1 + b6T + b?V 
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(26) C2 = b2 + b3A 
(27) C3 = b3 
(28) C4 = 
(29) C5 = b 
Then defining u. . as an element of the (27 x 27) inverse 
X J 
matrix U, and v^j as an element of the 5x5 matrix V, the 
following equations are obtained. 
(30) Tl,l = ul,l + ^ "1,6 + *"ul,7 + t2"6,6 + W%,7 
+ 2IWU6)7 
(31) V2,2 = "2,2 + 2AU2,8 + A2u8,8 
<32) V3,3 = "3,3 
(33) = %4 
(34) v = u. 
5,5 5,5 
(35) rl,2 = "l,2 + AU1,8 + TU2,6 + IAU6,8 + W2,7 + AtfU7,8 
<36) Tl,3 = Ul,3 + IU3,6 + "U3,7 
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<37) vlj4 = uljlt + lu4|6 + Wu4)7 
(38) t1,5 = ul,5 + Tu5,6 + "u5,7 
(39) v2>3 = u2|3 + AU3>8 
(40) v2>4 = "2,4 + ^ 4,8 
(41) v2>5 = u2>5 + AU5>8 
(W) T3,4 = u3,4 
(43) V3,5 = "3,5 
(44) v4>5 = u4>5 
Elements below the diagonal are readily defined by indicating 
that V is a symmetric matrix, denoting that v.. = v.. 
1J J X 
The variance-covariance matrix obtained in this 
manner is given in Table 5^» Using this matrix, Fuller's 
methods were followed in computing the confidence regions. 
The methods are presented briefly here. 
Isoclines 
The k - isocline is defined as the locus of points 
for which the marginal rate of substitution of X^ for X% is 
k. For specification of the least cost ration, k = 
Table 54. Variance-covariance matrix for regression coefficients of Equation 24 
2.7229750x10^ 1.1182661x10? -5.5655521x10? -1.7942823x10* -6.4801714x10? 
1.1182661x10? 9.7590000x10^ -2.9234013x10? -1.3417689x10? -4.0338537x10? 
s2& -5.5655521x10? -2.9234013x10? 1.5632555x10^ 4.304l346xl010 1.6684125xlÔ9 
-1.7942823x10* -1.3417689x10? 4.304l346xl510 2.4l73726xlÔ10 6.3744605xl010 
-6.4801714x10? -4.0338537x10? 1.6684125xl09 6.3744605xl010 2.1709940xl09 
aHere, s2 = 582.86549 as computed for Equation 13 
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the ratio of resource prices. In the case of the quadratic 
given by Equation 22, the k - isocline is a line defined by 
(45) c1 + 2c^X^ + c^ = k(c2 + 2c^X2 + c^Xg) 
or 
(46) x^ = w2/w1 , 
where 
(47) W1 = 2c_ - kc5 
(48) Wg = + kCg + (2c^k - c^) X% 
and X^ is defined as the level of X^ for which the marginal 
rate of substitution of X^ for X2 is equal to k, for a given 
level of X2. Then the 1 - a confidence region of S = X]_ is 
bounded by the ellipse defined by 
(49) S2(W12 - t2s2cn) - 2R(W1W2 - t2s2cl2) + W£2 - t2s2c22 
= 0 
2 2 
where the c^ s are the variances of the W^, and c^^ s 
is the covariance of and W2, and t is the tabular t value 
for the a level of probability. 
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iggqwaats 
The formula for the confidence limits about an 
isoquant is given by 
où) io = X20) 
A 
Here, Y(X^q, Xgg) is the level of output predicted from the 
production function using quantities X^Q of X^ and X2Q of X%. 
Also, n is defined as the number of observations, and qQ is 
the vector of deviations of the variables X^, X^, X^2, X^2, 
and XgXg from their respective means. 
The method of successive approximations, as suggested 
by Fuller, was employed in establishing the 95# confidence 
limits for the 200 and 300 pound milk isoquants. 
Pppiwffitg optimum levels <a£ jaaï. SM grain feeding 
Approximate confidence regions for the profit 
maximizing levels of hay and grain feeding were computed 
using Fuller's procedure. An ellipse of the form defined in 
Equation 51 indicates the 1 - a confidence limits for a point 
of economic optimum. 
(51) H2 + d^H + d2G + d G2 + d^GH + d^ = 0 
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Results Obtained 
Using the above procedure, confidence regions were 
computed for a number of representative derived quantities. 
The results of these computations are presented in graphic 
and tabular form. 
ÏSQgliflgS 
Confidence regions were computed for two isoclines 
appearing in Figure ?• These are the 4.0 and 1.7 isoclines, 
denoting the least-cost rations for achieving different 
levels of milk output when the grain : hay price ratio is 
3 : 0.75 and 3 : 1.75» respectively. 
Figures 35 and 36 indicate the position and magnitude 
of the confidence regions for the two selected isoclines. 
The region surrounding the 4.0 isocline appears very tall, 
indicating that the exact height and slope of this isocline 
can not be ascertained with certainty on the basis of the 
available evidence. In contrast, the confidence region for 
the 1.7 isocline appears much smaller. This fact indicates 
that the least-cost level of grain feeding can be specified 
within fairly narrow limits, while a smaller degree of 
certainty is involved in specification of the least-cost 
level of hay feeding. Tables 55 and 56 contain the data 
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Figure 35» The 95 percent confidence region for the 4 
isocline, as estimated from Equation 13 with 
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Figure 36» The 95 percent confidence region for the 1.7 
isocline, as estimated from Equation 13 with 
all auxiliary variables set at their means 
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Table 55» Confidence region for 4.0 isocline estimated from 




















Table 56. Confidence region for 1.7 isocline estimated from 




of Level of grain at 
confidence limits 
Hay Grain Lower Upper 
0 188 148 240 
50 190 162 239 
100 193 168 245 
150 196 168 259 
200 198 163 276 
250 201 156 296 
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One specific conclusion that can be drawn on the 
basis of Figures 35 and 36 is that at least 150 pounds of 
grain per week should be fed when the grain : hay price ratio 
is 3 î 1.75. 
Ts9quants 
The confidence region was computed for the 200 pound 
and 300 pound milk isoquants in Figure 7» Figure 37 indicates 
the size and position of these confidence regions. The 
relevant data for this graph are presented in Table 57* 
Table 57* The 95 percent confidence region for the 200 
and 300 pound isoquants, as estimated from 
Equation 13 with all auxiliary variables set 





Level of grain at 
confidence limits 
Hay Grain Lower Upper 









219 30 27 32 
17 240 209 
300 
60 200 188 
139 160 151 177 
244 130 111 — — — 
It is apparent in Figure 37 that the isoquant 
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200 80 120 160 240 40 GRAIN 
Figure 3 7 .  The 95 percent confidence "boundaries for the 200 
and 300 pound milk isoquants, as estimated from 
Equation 13 with all auxiliary variables set at 
their means 
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tion 13 provides a reasonably reliable estimate of the 
quantity of hay required in combination with a fixed amount 
of grain in order to result in a given level of milk output. 
As expected, each confidence region is narrowest near the 
point corresponding to the mean of the observed values of 
grain and hay consumption (103 pounds of grain and 145 pounds 
of hay). The width of each region increases as the magnitude 
of the deviation from the means 
ffÇ.QWmiLÇ optimum levels grain feeding 
Figure 38 contains an illustration of the size and 
shape of the confidence region for points of economic optimum, 
denoting the profit maximizing levels of grain and hay feeding. 
The two confidence regions presented are for the situations in 
which grain and milk prices are each constant at $3*00 per 
cwt., and the hay price changes from $0.75 to $1.75 per cwt. 
Table 58 contains data relevant to Figure 38. 
The outstanding feature of these confidence regions 
is their extremely elongated shape in the hay direction. 
This implies, as in the case of the isoclines, that the 
optimum level of grain feeding can be specified with much 
greater certainty than can be exercized in predicting the 
economic optimum level of hay feeding. 
The confidence regions for the economic optima are, 
of course, larger for points farther from the means, as was 
Figure 38. The 95 percent confidence regions for economic 
optimum points3-, as estimated from Equation 13 
with all auxiliary variables set at their means 
LEGEND 
*- RIDGE LINE 
SX/ ISOCLINE FOR PRICE RATIO  ^ IN DOLLARS PER CWT. / 
/ 
POINTS OF ECONOMIC OPTIMA 
FOR MILK PRICE OF: 
A #3.00 PER CWT. 
O #400 PER CWT 
• #500 PER CWT 
UPPER ARROW INDICATES 
CONFIDENCE BOUNDARY 
FOR POINT LOCATED BY 
LOWER ARROW 
As in previous graphs, triangular (A), round (O), 
and square (• ) dots represent milk prices per cwt. of $3*00; 
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200 240 
Table 58. The 95 percent confidence regions for points of economic optimum, 
as estimated from Equation 13 with all auxiliary variables set at 
their means 
Prices. &/cwt. Economic optimum levels of feeding 
Grain Hay Milk Point estimates Interval estimates 
Grain Hay Grain Hav 
Low High 



































































illustrated for the isoquant confidence regions. For instance, 
it can be predicted with 95 percent probability that the 
economic optimum level of grain feeding for the grain : hay : 
milk price ratio of 3 : 1 : 3 lies between 75 and 110 pounds, 
or a range of 35 pounds. On the other hand, the confidence 
region for the price ratio 3 : 0.75 : 3 is twice as wide, 
extending from 25 to 95 pounds of grain. 
Conclusions and Discussion 
One conclusion is obvious from the preceding analysis. 
Point estimates for input-output relationships and economic 
optimum levels of inputs predicted from the estimated 
production function must be accompanied by rather wide 
confidence limits. This is particularly true regarding the 
optimum quantity of hay. More specific predictions can be 
made as the size of the confidence regions is reduced. This 
reduction in size can be accomplished by reducing (a) s^, the 
error mean square or residual variance of milk production, and 
(b) the variances and covariances for the regression coef­
ficients of the feed terms in the equation. 
Reduction in the error mean square, or unexplained 
variance in milk production can be accomplished in three ways: 
(a) The number of observations can be increased through addi­
tional research, (b) The model can possibly be improved by 
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the inclusion of additional or different auxiliary variables 
in the model, (c) Future research can employ even more 
refined experimental design techniques that will further 
reduce the residual variance in milk production. 
Seduction in the magnitudes of the variances and 
covariances of the regression coefficients can also be 
accomplished through the above measures. Too, selection of 
experimental animals that are homogeneous with respect to 
factors influencing their response to feeding should help 
reduce the variances and covariances. Dairy specialists can 
be consulted on this matter when additional research is being 
planned. 
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VII. SUMMARY AND CONCLUSIONS 
The main purpose of this thesis is to present and 
discuss (a) empirical estimates of the milk production 
function, and (b) point and interval estimates of the 
quantities derived from the production function. 
The empirical base of this study was provided by two 
dry-lot experiments conducted by the Dairy Husbandry Depart­
ment of Iowa State University. The experimental design of 
each experiment was carefully planned by a joint group of 
dairy nutritionists, production economists, and statistical 
experts. Rations and levels of feeding were designed in such 
a manner as to provide a spacing of points over the milk 
production surface. Although not a part of the original 
design, several auxiliary variables were included in the 
production function. These variables include stage of lacta­
tion, environmental temperature, age, maturity, inbreeding, 
production ability, and body weight. The experimental design 
and the data obtained are discussed in Chapter II. 
In estimating the milk production function, several 
algebraic forms were tried, including the quadratic, linear, 
square root, Cobb-Douglas, and Spillman. Different bases of 
aggregating data were also tried, including weekly, monthly, 
and quarterly time periods. The quadratic form with weekly 
data was selected as most appropriate for estimating the milk 
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production function. Chapter III contains a theoretical 
discussion of the quadratic model. 
The equation selected as most satisfactory, or optimum, 
for estimating the milk production function is presented and 
discussed in Chapter IV. This optimum equation contains 26 
terms, all but one of which are acceptable at the .05 level 
of probability. Other equations of the same form are also 
presented for comparison. Representative equations of the 
other forms are presented in Appendix A. 
The optimum equation features the auxiliary variables 
in several types of variable, including linear, squared, 
square root, feed interaction, and non - feed interaction 
terms. In Chapter V, the auxiliary variables are systemati­
cally varied in order to approximate different production 
conditions and combinations of cow characteristics. Then 
point estimates of the derived quantities for these production 
conditions and sets of cow characteristics are examined in 
detail. Profit maximizing levels of hay and grain consump­
tion are presented both graphically and in tabular form. 
Isoquants, isoclines, marginal products, marginal rates of 
substitution, and production surfaces are also presented. 
Several general conclusions can be drawn from this 
analysis. As the lactation progresses, the percentage of 
concentrates in the cow's ration should be reduced for least 
cost, profit maximizing production. Weekly profit per cow 
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declines throughout the latter portion of lactation, with all 
prices assumed constant. 
High temperatures appear to reduce weekly profit, 
probably due to the detrimental effects of extreme heat with 
respect to level of feed consumption. 
Maturity and inbreeding exert strong effects on milk 
production, partly through their effects on body weight and 
production ability. Concerning the profit earning capacity 
of a cow, inbreeding appears to be detrimental to the young 
dairy cow, but this detrimental effect vanishes as the cow 
matures. Similarly, a cow's weekly profit increases with 
maturity, particularly for the highly inbred cow. 
Along with point estimates of derived quantities, it 
is important to present confidence intervals that will give 
the reader adequate warning with respect to the variance of 
the estimates. Chapter VI presents the confidence regions 
for several representative derived quantities. It is clear 
in the graphic presentation that there is a much smaller 
confidence region surrounding points near the mean observed 
values of hay and grain than for points far removed from the 
means. In general, the magnitude of the confidence regions 
indicates that some input-output relationships can be 
specified with a fairly high degree of precision, while wide 
confidence bounds must be indicated for other relationships. 
The use of additional observations and more refined techniques 
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of experimental design and analysis can further reduce the 
sizes of the confidence regions, thus increasing the precision 
and accuracy of the input-output relationships implied by the 
estimated milk production function. 
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X. APPENDIX A: ALTERNATIVE EQUATIONS 
In an attempt to develop a milk production function, 
numerous equations were estimated. Several different 
algebraic forms were employed, including the linear, quadratic, 
square root, Cobb-Douglas, and Spillman. Three units of 
measurement were employed for expressing milk output, grain 
and hay input, and stage of lactation, as indicated earlier. 
A quadratic equation using weekly data for 72 Holstein cows 
(Equation 13) was selected as most satisfactory based on 
the criteria discussed in Chapter TV. Other equations are 
presented in the present appendix, including some equations 
involving observations from 12 Brown Swiss cows as well as 
the ?2 Holsteins. 
Quarterly, Monthly, and Weekly Quadratic Equations 
with Brown Swiss Observations Included 
To provide a comparison of the three units of 
measurement (quarterly, monthly, and weekly) three regression 
equations were computed. Observations from the 12 Brown Swiss 
cows were pooled with data from the 72 Holstein cows. 
Equation 52 was computed using quarterly input-output 
data (M", G", and H"). Only 84 observations (one observation 
from each cow) were involved in this equation. The only 
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auxiliary variable included in this equation is ability, A. 
The regression coefficients and their corresponding t values 
are presented in Table 59» An R2 of .81 was obtained with 
this equation. Economic optima for the 12-week period, as 
estimated from Equation 52, are presented in Table 62. 
Table 59. Regression coefficients and t values for Equation 
52, computed using quarterly data from 72 Holstein 
and 12 Brown Swiss cows 
Variable Coefficient N 
(Constant) -2858.078 
A 0.97668674 .8 
H" 1.5857989 1.3 
G" 3.0296351 1.8 
A2 -4.2756114 x 10"5 • 3 
(H")2 -I.0222443 x 10-4 .7 
(G")Z 
-5.3488781 x lO~^ 1.3 
AH" -I.I858635 x 10"4 • 3 
AG" 4.7359018 x 10"^ .1 
H"G" -4.9510710 x 10-4 .8 
AH"G" 1.4529878 x 10"8 .1 
Equation 53 was computed using monthly input-output 
data. A total of 253 observations were involved, including 
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three observations (first, second, and third experimental 
months) for each of the 84 cows. Besides ability, month of 
lactation (T' ) was used as an auxiliary variable. Table 60 
contains the regression coefficients and t values for 
Equation 53* The R obtained is .86. Economic optima 
computed from Equation 53 for each month of the experiment 
Table 60. Regression coefficients and t values for Equation 
53; computed using monthly data from 72 Holstein 
and 12 Brown Swiss cows 
Variable Coefficient |tj 
(Constant) -639.56349 
G' 2.6167787 1.1 
H' 1.2782397 .7 
A .21093522 •3 
T' -147.OO677 .2 
(G')2 
-1.4247357 x 10"3 2.2* 
(H')2 
-3.5295242 x 10"4 1.4 
A2 -3.5144606 x 10'6 .1 
(T')2 19.349529 1.6 
AH' 1.1762484 x 10"4 .2 
AG' 2.5583577 x ID"4 .3 
AT' 3.0932824 x 10"2 .1 
H'G' -1.8226921 x 10"3 .6 
* Acceptable at the .05 level of probability. 
191 
Table 60 (Continued) 
Variable Coefficient |t| 
H'T* .15638920 .2 
G'T' .12008365 .1 
AH'G' 4.2216860 x 10"10 .01 
AH'T' -I.1524619 x ID"4 •3 
H'G'T' 2.1320524 x 10*4 .1 
AG'T' -I.I367392 x ID"4 .2 
AG'H'T' 1.9113558 x 10-8 .03 
are presented in Table 63. The 12-week totals are presented 
for comparison with the corresponding values obtained from 
the quarterly data. 
Using weekly observations for the first 12 experimental 
weeks of each of the 84 cows (a total of 1008 observations), 
Equation 54 was computed. Ability, stage of lactation and 
temperature were used as auxiliary variables. Terms included 
in the equation are the same as those in Equation 15. Table 
6l contains the regression coefficients and t values for 
2 
Equation 54. The B obtained is .??• Economic optima 
computed for Equation 54 are presented in Table 64. Again, 
12-week totals are shown for purposes of comparison. 
In the weekly equation (Equation 54) the rates of 
substitution vary with T, the stage of lactation, as measured 
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Table 6l. Begression coefficients and t values for Equation 
54, computed from weekly data for ?2 Holstein 
and 12 Brown Swiss cows 
Variable Coefficient |t| 
(Constant) -200.22040 4.5** 
G 2.2769009 5.6** 
H 1.1805397 4.3** 
A .11172050 17.3** 
F .59216239 1.8 
G2 -4.0241719 x 10""3 3.7** 
H2 -1.1985737 x 10"3 2.7** 
qi2 
.36297044 5.6** 
F2 -1.6537124 x 10"3 0.8 
GH -3.5682853 x 10-3 2.8** 
GT 7.8023158 x 10~3 1.5 
HA -8.2263485 x 10-5 3.0** 
HF 2.0840816 x 10"3 3.4** 
AT -4.1932912 x 10-3 10.7** 
AF -4.1336573 x 10-4 3.8** 
TF 
-5.3725702 x 10"3 0.4 
**Acceptable at the .01 level of probability. 
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Table 62. Quarterly or 12-week cumulative economic optima, 
estimated from Equation 52, using quarterly 
input-output data for 72 Holstein and 12 Brown 
Swiss cows 
Prices. S/cwt. Economic optima Profit3, 
Grain Hay Milk Milk Grain Hay 
3.00 0.75 4.00 3295 0 5413 $91.21 
3.00 1.25 4.00 3648 2240 0 78.74 
aBeturn over feed cost during the 12-week period. 
by the number of the experimental week. Hence, the profit 
maximizing levels of grain and hay feeding vary from one 
week to the next, as shown in Table 64. This is one element 
of flexibility not present in the monthly and quarterly 
equations. Too, the effect of weekly fluctuations in 
temperature can be included in a weekly equation. Another 
advantage of the weekly equation is illustrated by the large 
magnitude of each of the t values in Table 6l as compared with 
the t values for the monthly and quarterly equations. 
Another advantage of the weekly equation involves the 
realism of the derived quantities. Figure 39 shows the 2400 
pound milk isoquant for a 12-week period, as estimated by 
the weekly and quarterly equations, Equations 54 and 52, 
respectively. The corresponding isoquant implied by the 
monthly equation (Equation 53) is nearly identical to the 
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Table 63. Monthly or 4-week cumulative economic optima, 
estimated from Equation 53» using monthly input-
output data for 72 Holstein and 12 Brown Swiss 
cows 
Prices. 8/cwt. Stage of Economic optima Profit3, 
Grain Hay Milk lactation, Milk Grain Hay 
fp 1 b 
1 1336 720 183 $30.47 
3.00 0.75 4.00 2 1093 225 1180 28.11 
3 1100 414 804 25.55 
12-week total: 3529 1359 2167 84.13 
1 1201 262 1017 25.OO 
3.00 1.25 4.00 2 1196 736 61 27.47 
3 1109 554 420 22.49 
12-week total: 3506 1552 1498 74.96 
aBeturn over feed cost. 
^Number of the experimental month. 
isoquant for the quarterly equation, as indicated in Table 
65. The greater curvature of the isoquant for the weekly 
equation seems more consistent with known relationships than 
the nearly linear isoquants of the monthly and quarterly 
equations. 
Figure 40 presents a comparison of the economic 
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Table 64. Changes in economic optima over the first 12 weeks 
of the experiment, estimated from Equation 54, 
using weekly data for ?2 Holstein and 12 Brown 
Swiss cows 
Prices. &/cwt. Stage of Economic optimum Profit3, 
Grain Hay Milk lactation, Milk Grain Hay 
rjnb 
3.00 0.75 4.00 
12-week total: 
1 318 72 268 $ 8.54 
2 310 75 264 8.18 
3 303 77 260 7.85 
4 297 80 256 7.55 
5 292 83 251 7.29 
6 287 86 247 7.05 
7 283 89 243 6.84 
8 280 92 239 6.66 
9 278 95 234 6.52 
10 276 97 230 6.40 
11 2 75 100 226 6.31 
12 270 103 222 6.05 
3469 1049 2940 85.24 
1 330 140 115 7.58 
2 323 143 111 7.24 
Return over feed cost. 
Number of the experimental week. 
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Table 64 (Continued) 
Prices, fe/cwt. Stage of Economic optimum Profit3" 
Grain Hay Milk lactation, Milk Grain Hay 
3 316 145 106 $6.94 
4 310 148 102 6.66 
5 304 151 98 6.41 
6 300 154 94 6.20 
3.00 1.25 4.00 
7 296 157 89 6.01 
8 293 160 85 5.85 
9 290 163 81 5.73 
10 289 165 77 5.63 
11 288 168 73 5-56 
12 283 171 68 5.33 
12-week totals 3622 1865 1099 75.14 
optima implied by the weekly and monthly equations for the 
grain : hay : milk price ratio of 3 : 0.75 : 4. The upper 
line indicates the path followed by the cumulative feed 
quantities over a 12-week period, as estimated by the weekly 
equation. The lower line shows the corresponding path 
implied by the monthly equation. Table 62 indicates an all-
hay ration implied by the quarterly equation. As in the case 
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Figure 39. The 2400 pound milk isoquant, as estimated 
from Equations 52 and 54 
Table 65» Isoquants and marginal rates of substitution for a 12-week period 
as estimated by Equations 52, 53» and 54 
Level 
of grain 
Level of hay on 2400 lbs milk 
isoauanta. as estimated bv 
Marginal 
as 
















0 3232 b 3192 2.62 b 4.35 
25 2450 2451 2318 2.59 3.71 3.23 
50 1676 1651 1537 2.57 2.92 2.76 
75 910 913 828 2.54 2.50 2.48 
100 151 209 240 2.52 2.21 2.28 
aLevel of hay (lbs) necessary to maintain milk output of 2400 lbs during 
12 weeks, as estimated by the indicated equations, assuming constant levels of 
weekly grain consumption throughout the 12-week period. 











400 800 1200 1600 
GRAIN 
Figure 40. Path of the economic optimum ration over 
the lactation, as estimated by Equations 
53 and 54 
200 
weekly equation seem much more realistic than those of the 
monthly and quarterly equations. 
Linear Equation 
For purposes of comparison, a simple linear equation 
was computed featuring each of the feed variables in a linear 
term. This is Equation 55» 
(55) M = 14.797112 + 1.4293289 G + .62830514 H 
The t values for the grain and hay coefficients are 28.4 and 
19.1, respectively. These are, of course, highly significant. 
o 
The R resulting from this equation is .40. 
This equation is highly unreasonable with respect to 
known input-output relationships. For instance, the isoquants 
are straight lines with a constant slope of - 1.4 / O.63. 
Too, the economic optima are all on the axes, implying that a 
straight hay ration should be fed for grain : hay price ratios 
greater than 1.4 : O.63, and a straight grain ration should be 
fed for lower price ratios. These results are, of course, not 
consistent with well established principles of nutrition and 
economics. 
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Square Boot Equation 
The square root equation is sometimes employed as 
an alternative to the quadratic in estimating production 
function. Equation 56» as presented in 66, is a 
square root equation. The terms involved are exactly the 
same as those in Equation 14, except that and /H replace 
2 2 G and H . The observations used in computing this regres­
sion include a total of 1368 weekly observations from the 
72 Holstein cows. The B^ obtained is ,82. 
Setting each of the auxiliary variables at their 
respective mean levels, it is possible to express Equation 
56 in terms of grain and hay. This is done in Equation 57. 
(57) M = 77.412665 + 0.18712953 G + 1.0441277 H 
+ I3.OO3688 /G - 5.038258 /H + 1.043166 x 10~3 GH 
The marginal products of grain and hay resulting 
from this production function are represented in Equations 
58 and 59» respectively. 
(58) # = 1.8712953 + 13.003688 / 2 ZG + 1.043166 x 10~3 H 
(59) = 1,0441277 - 5.038258 / 2 /H + 1.043166 x 10""3 G 
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Table 66. Regression coefficients and t values for a square 
root equation (Equation 56) estimated using 1368 




(Constant) -104.64765 1.7 
G .1524579 .6 
H .77670130 5.8** 
/G 13.003688 2.0* 
/H -5.038258 1.2 
GH 1.043166 x 10"-* 1.1 
GJ 2.0064882 x 10~3 1.4 GT 
-6.6980667 x 10-3 3.0** 
HA -1.0875414 x 10-3 4.2** 
A 6.9236943 x 10-2 10.0** 





/K 20.314536 5.9** 
F2 -4.3373063 x 10-3 2.5* 
IP2 8.6745505 x 10"2 6.8** 
AF -I.2747426 x 10-4 1.3 
AT -I.6II8625 x 10-3 7.6** 
JF -7-4678385 x 10-3 2.3* 
JT 
-3.5732538 x 10"^ 4.0** 
KA 1.3109091 x 10-3 4.0** 
KF -2.3615696 x 10-2 3.2** 
KT 3.9354992 x 10~z 2.4* 
*Acceptable at the .05 level of probability. 
**Acceptable at the .01 level of probability. 
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These marginal products are not consistent with the well 
known principles of nutrition. For instance, the marginal 
product of grain is a monotone increasing function of grain 
and hay, indicating increasing returns to feed. This implies 
that the marginal product of grain increases as more grain 
or more hay is fed, or as both hay and grain are increased 
simultaneously. Such a relationship is known to be erroneous. 
The marginal product of hay also seems inconsistent 
with established knowledge. The positive coefficient of the 
GH interaction term implies (through the marginal product of 
hay) that as the level of grain feeding is increased, a 
greater response in milk production will result from feeding 
one additional pound of hay. This relationship is also known 
to be erroneous. 
Because of these logical inconsistencies inherent 
in the square root equation (Equation 56), this algebraic 
form was judged to be inferior to the quadratic form. 
Cobb-Douglas Equation 
The Cobb-Douglas equation has been a rather popular 
algebraic form for fitting production functions. Thus, an 
equation of this type, Equation 60 was computed. The 1368 
weekly observations from the ?2 Holstein cows were used, as 
in most of the equations discussed in the present thesis. 
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The R obtained in this equation is .70. Table 67 contains 
the regression coefficients and t values for Equation 60. 
Table 67• Regression coefficients and t values for Equation 




(Constant) .43467873 2.3* 
G .32854465 27.0** 
H .149433 14.3** 
A .4543692 9 20.8** 
T -1.3008704 x 10"; 28.4** 
P -8.5356632 x 10-3 9.4** 
J -3.5289491 x 10-3 2.1* 
K 3.3003832 x 10-3 6.6** 
aThese coefficients are actually exponents of the 
respective independent variables, as in Equation 6l. 
*Acceptable at the .05 level of probability. 
**Acceptable at the .01 level of probability. 
Expressing Equation 60 in terras of grain and hay, Equation 6l 
is obtained. 
(61) M = LG*32854465 H.149433 
The approximate estimated value of L is given by Equation 62. 
(62) L = .435A*454 J-.013 p-.OO85 J-.0035 K.0033 
The exact estimated exponents are given in Table 67. Setting 
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all the auxiliary variables at their means, the value of L 
obtained is 28.141. The sum of the grain and hay elasticities 
is .47797765, denoting decreasing returns to feed. This is 
consistent with previous knowledge. 
In Table 68, Equations 60 and 13 are compared with 
respect to marginal rates of substitution and level of milk 
output resulting from selected levels of grain and hay 
feeding. Several of the deficiencies inherent in the Cobb-
Douglas equation are apparent in Table 68. For instance, the 
isoquants implied by the Cobb-Douglas are asymptotic to the 
grain and hay axes, thus excluding the possibility of 
production with an all-hay or all-grain ration. As a result 
of the peculiar shape of the isoquants, the marginal rates of 
substitution (denoting the slope of the isoquant at a 
particular point) become much more extreme than those implied 
by the quadratic, Equation 13. The isoquants and marginal 
rates of substitution implied by the quadratic seem more 
realistic than those of the Cobb-Douglas with respect to 
milk production. 
It can also be noticed in Table 68 that milk 
production predicted by the quadratic equation declines for 
extremely high levels of feeding, as a priori knowledge 
indicates that it should. However, the output predicted by 
the Cobb-Douglas equation does not manifest such a decline. 
A Cobb-Douglas production surface does not attain a finite 
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Table 68. Comparison of milk output and marginal rates 
of substitution predicted by Equation 13 versus 
Equation 60 
Level of feeding Quantity of milk, Marginal rate of 
Grain Hay as predicted bv substitution, as 
Equation Equation predicted bv 
13 60 Equation Equation 
13 60 
50 50 130 182 2,46 2.20 
50 100 165 202 2.60 4.40 
50 150 195 215 2.80 6.60 
100 50 211 229 2.34 1.10 
100 100 238 254 2.51 2.20 
100 150 259 270 2.77 3.30 
150 50 267 266 2.12 0.73 
150 100 285 294 2.29 1.47 
150 150 297 313 2.68 2.20 
maximum with respect to resource inputs. 
Another rigidity of the Cobb-Douglas equation is that 
all the isoclines pass through the origin and diverge across 
the grain-hay plane. All these inherent limitations make 
the Cobb-Douglas a less satisfactory form of equation than 
the quadratic for purposes of estimating the milk production 
function. 
Spillman Equations 
As another potential alternative algebraic form, some 
Spillman-type equations of the form shown in Equation 63 were 
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computed. 
(63) Y = bQ - bx r X 
Here, b@ is defined as the upper horizontal asymptote, X is 
the variable resource, and r is the familiar ratio by which 
the marginal products of X decline (7)• The value of r 
giving least squares fit was obtained by a convergent itera­
tive procedure involving parabolic interpolation. 
One of the basic assumptions of this Spillman model 
is that only one resource is variable, while all others are 
held constant. Since both hay and grain are variable resources 
in the present study, it was necessary to separate the observa­
tions into groups that were more or less homogeneous with 
respect to the magnitude of the observed quantities of hay 
and grain fed. This was accomplished by separating the data 
into 4 groups based on the 4 fixed rations discussed earlier. 
Then for each ration two equations with the form of 
Equation 63 were computed—one featuring grain as the 
independent variable, the other featuring hay, as indicated 
below: 
M" - b0 • bl(r)G"/10° 
*• - b0 + b1(r>H"/1°° 
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The division by 100 appearing in these equations 
results from the fact that the independent variable was coded 
in hundredweight. The terms H', G", and H" are the 12-week 
cumulative input-output data, as explained earlier. Data 
from the 72 Hoistein cows were used. Hence, there were 18 
observations for each of the 4 rations. 
The pair of equations computed for the ration 
containing 75 percent of net energy intake from hay are given 
as Equations 64 and 65. 
(64) M" = 3880.9717 - 10940.586 (.63673904)G/10° 
(65) M" = 3454.0301 - 69901.295 (.83699275)^ /10° 
The values of t and B2 for these equations are given in 
Table 69, along with similar statistics for other equations. 
Table 69. Values of t and B2 for selected Spillman equations 





64 18.1** 5.0** .61 
65 30. 2** 5.9** .69 
66 13.0** 4.7** • 58 
67 9.3** 2.6* .29 
*Acceptable at the .05 level of probability. 
**Acceptable at the .01 level of probability. 
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Economic optimum levels of grain and hay feeding were 
computed for several grain : hay : milk price ratios. Equa­
tions 64 and 65 were used to predict the optimum level of 
grain and hay, respectively. The results are presented in 
Table 70. 
Table 70. Profit maximizing levels of grain and hay feeding 
estimated from Spillman equations 
Price, s/cwt. Profit paxiptizinff ration 
Grain Hay Milk Grain Hay 
3.00 0.75 4.00 928 3650 
3.00 1.00 4.00 928 3488 
3.00 1.25 4.00 928 3363 
4.00 0.75 4.00 864 3650 
4.00 1.00 4.00 864 3488 
4.00 1.25 4.00 864 3363 
A pair of equations was also computed for each of 
the other rations. However, in some of these cases the data 
were widely dispersed. In these instances the equations did 
not converge, implying that no least squares fit was obtained. 
Two of the equations featuring grain did converge. They are 
Equations 66 and 67, representing the rations with 55 and 15 
percent hay, respectively. Their respective values of t and 
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B are presented in Table 69-
(66) M" = 5132.6719 - 8643.1490 (.85705413)° ^10° 
(67) M" = 5032.4911 - 11691.953 (.89445224)° /L0° 
The economic optima implied by these two equations 
are meaningless, since only the profit maximizing level of 
grain, and not hay, can be specified. 
In considering the profit maximizing levels of feeding 
predicted by the Spillman, as represented by Equations 64 and 
65, one fact is apparent. A very large quantity of hay is 
called for in these economic optima, including a 12-week 
average of more than 300 pounds of hay per week in some 
instances. Such a high rate of hay feeding is far beyond the 
range of observed values, and is considered a priori to be 
unreasonable. 
Besides the unreasonable economic optima, the Spill-
man equation has additional disadvantages as compared with 
the quadratic. The Spillman lacks flexibility, in that 
auxiliary variables can not be included. Furthermore, the 
Spillman production surface is asymptotic to the maximum 
level of output, bg. Thus, the surface has no downward 
sloping portions for large values of the resource inputs, even 
though such negatively sloped portions are known to exist in 
the dairy production surface as it occurs in nature. For 
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these reasons, the Spillman was considered to be inferior 
to the quadratic for purposes of fitting the milk production 
surface. 
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XI. APPENDIX B: SUPPLEMENTARY DISCUSSION OF VARIABLES 
Definition of Fat Corrected Milk (FCM) 
Because of the wide variation among cows with respect 
to butterfat content of milk it is often desirable to use a 
standard unit of measurement. One unit commonly used for 
this purpose is 4 percent Fat Corrected Milk, abbreviated 
k% FCM. The formula used in computing 4# FCM is given in 
Equation 68, where terms are defined as follows.* 
M: number of pounds of 4# FCM 
Q: number of pounds of whole milk being measured 
F: number of pounds of butterfat contained in unit 
being measured 
(68) M = .4 Q + 15 F 
Definition of Inbreeding Percentage, K 
Gillmore (12) defines inbreeding as follows: 
Inbreeding is that system of mating in which mates are 
more closely related than average....The coefficient of 
inbreeding, fx, for an animal, X, is defined as 
*This formula was obtained during an oral discussion 
with Dr. Norman L. Jacobson of Iowa State University of 
Science and Technology, Department of Dairy Husbandry, Ames, 
Iowa. 
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(69) fx = 2 [(J)n (1 + Fa)] 
where 
n = number of generations from the inbred animal through 
one parent £2. the common ancestor and back to the 
other parent 
Fa = coefficient of inbreeding, F, of the common ancestor, 
a 
In the present thesis, the letter K is used to denote 
percentage of inbreeding. 
(70) K = f 
Comparison of D and J as Linear Terms in Equation 13 
In order to facilitate comparison of age and maturity 
as alternative variables, a trial equation was computed. 
This equation (Equation 71» shown in Table 71) contains all 
the same terms as Equation 13, except that D (age) is 
substituted for J (maturity). The main differences noticed 
in comparing the two equations are (a) the t values for 
linear terms D and J are 0.5 and 4.8, respectively, and (b) 
2 the B computed for the equation containing the linear D term 
is 83.3#» compared with 83.6^ for Equation 13 (containing J 
instead of D). The two equations were virtually identical 
with respect to signs and significance of other coefficients. 
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This evidence supports the hypothesis that J is superior to 
D as an auxiliary variable in the milk production function. 





(Constant) 306.90270 4.8** 
G 2.0163960 5.8** 
H 1.4254039 6.3** 
G2 -4.9397368 x 10-3 5.1** 
H2 -1.0841110 x 10-3 2.9** 
GH -3.6527111 x 10-3 3.2** 
GT -7.3387368 x 10-3 3.3** 
GW 5.3102738 x 10-7 3.8** 
HA -I.5060020 x 10-4- 6.2** 
A 7.7619081 x ÎO~2 11.6** 
F 1.1579555 p 2.5* 
D 2.9201813 x 10"^ .5 
K -5.5446358 6.7** 
W .25708310 5.6** 
Zic 16.982618 4.7** 
/w -24.463006 9.1** 
T2 9.IIO5206 x 10"2 7.3** 
F2 -4.8997607 x 10-3 2.8** 
AF -2.7098642 x 10"4 2.8** 
AT -1.5981664 x 10-3 7.7** 
JF -2.0640150 x 10-3 .6 
JT -3.7587048 x 10-2 4.3** 
^Acceptable at the .05 level of probability. 
**Acceptable at the .01 level of probability. 
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Table 71 (Continued) 
Independent 
variable 
Coefficient hi 
KA 
KF 
KT 
1.7028807 x 
-3.33249OO x 
4.4054435 x 
10-3 
10-2 
10-2 
5.3** 
4.6** 
2.7** 
WF 
WJ 
8.8340200 x 
3.3876510 X 
2.6** 
1.7 
